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Abstract 

We prove that the Hamiltonian of the model describing a spin which is linearly 
coupled to a field of relativistic and massless bosons, also known as the spin-boson 
model, admits a ground state for small values of the coupling constant A. We show 
that the ground state energy is an analytic function of A and that the correspond- 
ing ground state can also be chosen to be an analytic function of A. No infrared 
regularization is imposed. Our proof is based on a modified version of the BFS 
operator theoretic renormalization analysis. Moreover, using a positivity argument 
we prove that the ground state of the spin-boson model is unique. We show that 
the expansion coefficients of the ground state and the ground state energy can be 
calculated using regular analytic perturbation theory. 

1 Introduction 

The spin boson model describes a quantum mechanical two level system which is linearly 
coupled to the quantized field of bosons. We assume that the quantized field is a relativis- 
tic field of massless bosons, and we do not impose any infrared regularization. In that case 
the spin-boson model can be used as a simplified caricature describing an atom coupled 
to the quantized electromagnetic field. The two level system is a coarse approximation 
of the energy levels of the atom. This model has been extensively investigated, see for 
example [T9J [HJ HO] and references therein. 

Our first result states that for all values of the coupling constant a possible ground 
state of the spin boson model must be unique. This result is shown using a positivity 
argument with respect to a suitable choice of measure space. 

Our second result is that the spin boson model admits a ground state for small values 
of the coupling constant. Quantum mechanical systems which are coupled to a rela- 
tivistic field of massless bosons typically do not admit ground states unless cancellations 
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of infrared divergences occur. The reason the spin boson model admits a ground state 
originates from the fact that the coupling matrix has no diagonal entries, see ([3]) . In non- 
relativistic quantum electrodynamics (qed) the gauge symmetry seems to be responsible 
for the existence of ground states of molecules [SJ [§]. 

Our third and main result is that a suitable choice of the ground state as well as its 
energy are analytic functions of the coupling constant. In non-relativistic qed expansions 
of the ground state and its energy as the coupling constant tends to zero have recently 
attracted attention. In (21 [3] it was proven that there exists an asymptotic expansion in- 
volving coefficients which depend on the coupling parameter and may contain logarithmic 
expressions. Other expansion algorithms were employed for example in j6j [131 E] an d it 
was shown that logarithmic terms can occur in non-relativistic qed. On the other hand 
it was shown that an atom in the dipole approximation of qed (which effectively leads to 
an infrared regularization) has a ground state and ground state energy which are analytic 
functions of the coupling constant [12]. We hope that our analyticity result concerning the 
spin boson model, will help to shed light on the nature of infrared divergences occurring 
in such expansions. 

Once the analyticity of the ground state and its energy have been shown, it is natural to 
ask whether the coefficients of their power series expansions can be obtained from regular 
analytic perturbation theory. We prove that this is indeed the case and illustrate how the 
ground state and its energy can be calculated using Rayleigh-Schrodinger perturbation 
theory. To this end we artificially introduce an infrared cutoff in the Hamiltonian and 
show that the ground state and the ground state energy are continuous functions of that 
cutoff. Validity of Rayleigh-Schrodinger perturbation theory will then follow from the 
uniqueness property of the ground state. In view of the explicit form of the Rayleigh- 
Schrodinger coefficients it is rather surprising that these coefficients are infrared finite. 
The coefficients are given as a sum of terms. While infrared divergent terms occur our 
analyticity result implies that the sum of these terms must be finite in the limit when the 
infrared cutoff is removed. 

Let us now address the proof of the main results. The ground state energy is embedded 
in the continuous spectrum, see Proposition [HJ In such a situation regular perturbation 
theory is typically not applicable and other methods have to be employed. To prove 
the existence result as well as the analyticity result for the spin-boson model we use a 
variant of the operator theoretic renormalization analysis as introduced in [I] and further 
developed in pQ. The analysis as outlined in these papers is not directly applicable to 
problems which are infrared critical. To be able to apply a renormalization procedure, we 
first perform two initial so called Feshbach transformations. This converts the spectral 
problem of the original Hamiltonian into a problem involving sums of normal ordered 
operators containing only an even number of creation and annihilation operators. We then 
must prove that on the space of such operators the renormalization procedure converges. 
To show this in a proper way we have to provide a detailed exposition of the operator 
theoretic renormalization transformation. 

In [12] the analyticity of the ground state as well as the ground state energy of an atom 
in the dipole approximation of non-relativistic qed was proven. We want to point out that 
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also in [12] operator theoretic renormalization was used in the proof, with a somewhat 
different representation of the spectral parameter. Whereas the problem considered in [T2] 
was infrared regular, the problem considered in this paper is not subject to an infrared 
regularization. Moreover, in [12] the proof used that renormalization preserves analyticity 
on the space of operators, in this paper we use that renormalization preserves analyticity 
on the space of integral kernels. 

In the next section we introduce the model and state the main results, which will then 
be proven in later sections. 



2 Model and Statement of Results 

For a Hilbert space f) we introduce the bosonic Fock space 

oo 
n=0 

where S n denotes the orthogonal projection onto the subspace of totally symmetric tensors 
in and S (t)®°) := C. We introduce the vacuum vector Q := (1,0,0,...) £ 
Henceforth we fix f) to be L 2 (M 3 ) and set J 7 := J 7 {I))- We shall identify vectors ip £ J 7 with 
sequences (ip n )^ = o of n-particle wave functions, ip n (ki, k n ), which are totally symmetric 
in their n arguments, and tpo £ C. The scalar product of two vectors ip and <fr is inherited 
from f) and is given by 

(4>,<f>) =Y] I ip n (k 1 ,...,k n )(j) n (k 1 ,...,k n )d 3 ki...d 3 k r , 



CO „ 

^2 / 1p n {kl,-,k, 
n=0 



For g £ f) one associates a creation operator defined as follows. For r\ £ S n (t)® n ), a*(g)r) 
is given by 

a*(g)r) = Vn+lS n+1 (g ® rj) . 

This defines a closable linear operator whose closure is also denoted by a*(g). The anni- 
hilation operator a(g) is defined to be the adjoint of a*(g). Formally, we write 



a (g) = j g{k)a{k)d i k, a*(g) = j g(k)a*(k)d 6 k, (1) 

where a(k) and a*{k) are operator- valued distributions. They satisfy the so called canon- 
ical commutation relations 

[a(k), a*{k')) = S{k - k'), [a*{k), a*{k')} = , 

where a* stands for a or a*. 

Let h be a measurable function on M 3 . We define the operator dT(h) in J 7 , as follows 
on vectors ip in its domain 

n 

{dT{h)ijj) n {k u kn) = ^2 Kkj^nih, k n ) . (2) 

3=1 
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The domain of dT(h) consists of all vectors ip such that dT{h)ip is a vector in J 7 . We 
define the free-field Hamiltonian Hf := dT(u), where u(k) := \k\. The Hilbert space is 
given by 

U :=C 2 ® 7 . 

We define the following Hamilton operator with coupling parameter X E C 

H x := t ® 1 + 1 ® H f + Act,, ® </>(/) , (3) 

where 

/1 _ d 3 k 

- 7 ==(f(k)a*(k)+f(k)a(k))-^, 



and 



, ,20 [01 

7 = 7 " 1 = 1 ' a *= 1 



Throughout this paper we shall assume that / '/ \/u E f) and f/w E t). It is well 
known that creation and annihilation operators are infinitesimally small with respect to 
the free-field Hamiltonian, see Lemma |57] in the Appendix A. Thus the operator H\ is a 
self-adjoint operator on the natural domain of Hq. The main results of this paper hold 
under the following hypothesis. 

(H)/efjand H/lloo < oo. 

Note that (H) implies that f/y/oJ and f/u E f). We will use the following notation 

B r := D r := {z E C\\z\ < r}. 

A main result of this paper is the following theorem. 

Theorem 1. Assume (H). There exists a Xq > such that for all A E B\ Q , H\ has an 
eigenvalue E(\) with eigenvector ip(\) and eigenprojection P(X) satisfying, 

(i) for A 6 Rfl B\ Q , E(X) = mfa(H\) and E(X) is non- degenerate, 

(ii) A I—)- E(X) and X t— > ip(X) are analytic on B\ , 
(Hi) X i — y P(X) is analytic on B\ and P(X)* = P(X). 

Remark 2. Since we had the application to non-relativistic qed in mind, we chose Hy- 
pothesis (H). Using a different norm for the Banach spaces one could also show that the 
conclusion of Theorem^ holds under the assumptions tu~ 1 ~ e f E f) and tu~ 1 / 2 f E f), for 
any e > 0. Moreover, the assertion of the Theorem^ without uniqueness holds if t and a x 
are replaced by hermitian N x N matrices T and A, respectively, such that T has a unique 
ground state and its eigenprojection P satisfies PAP = and (1 — P)A(1 — P) = 0. 
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The above result is non-trivial since the ground state energy is not isolated from 
the rest of the spectrum. In that situation regular analytic perturbation theory is not 
applicable. We prove the existence and analyticity results of Theorem [1] using an operator 
theoretic renormalization analysis. Since that method yields the existence of a ground 
state but not its uniqueness, we complement the existence with the following uniqueness 
theorem, which we prove in the next section. 

Theorem 3. Suppose A G WL, u~ l l 2 f G f) ; and uj^ 1 f G f). Suppose E = mfa(H\) is an 
eigenvalue. Then E is simple. 

Once Theorem [I] has been established, one knows that the eigenvalue of H\ and the 
associated eigenprojection have power series expansions with nonzero radius of conver- 
gence, 

oo oo 

P(A) = J^P (n) A n , E{\) = J2 E(n)xn - ( 4 ) 

n=0 n=0 

It is natural to ask whether the expansion coefficients can be obtained by means of analytic 
perturbation theory. This is indeed the case, as we now outline. For details see Theorem |5~T1 
in Section [T31 We introduce a cutoff cr > and define the infrared regularized Hamiltonian 

H\ t(7 := Hq + AT CT , 

with T a := a x <S> 4>(Xaf), where Xa{k) — 1 if |A;| > a and otherwise, and with 

H := t ® 1 + 1 ® H f . 

This effectively turns the ground state energy into an isolated eigenvalue, after a trivial 
part of the Hamiltonian has been factored out. In this situation regular perturbation 
theory becomes applicable. It is straight forward to show using analytic perturbation 
theory, see the proof of Theorem [511 that for each a > there exists a A (cr) > such 
that for all A G Bx (a), the Hamiltonian if Aj(T has an eigenvalue E a {\) with eigenprojection 
Po-(A). Furthermore, we have convergent power series expansions (see Kato's book [T5] ) 

oo oo 

P ff (A) = j^pWA" , £ CT (A) = ^P>)A". (5) 

n=0 n=0 

Using analytic perturbation theory one can show that 

P>) = _ S^T^S^ ...T a S { ^ +l) (6) 



u 1 +...+u n+1 =n, 
Ui>0 



where 



cO) = J -P %_ ' v ~ (7 \ 
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Pq 1 denotes the orthogonal projection onto, the ground state of H , i.e., 

^ := (J J ® fl, (8) 

Pn 4 = 1 — -P^, and Q CT denotes the orthogonal projection in T onto the natural embedding 

of J"(f)S +) ) in J 7 , with f)i +) := L 2 ({£; G M 3 ||A;| > a}). Moreover, the coefficients of the 
energy expansion can be obtained using the relation 



E^=ti(T a P^/ 



n 



which can be found in |15j (Page 80, Eq. (2.34)), and is in fact easy to see. Analytic 
perturbation theory does not allow us to control the radius of convergence Ao(cr) as a 
tends to zero. That is, we cannot rule out the possibility that Ao (c) — > in this limit. In 
order to control the radius of convergence of §5§ we have to resort back to renormalization. 
Using a continuity argument in connection with the renormalization procedure we obtain 
the following theorem, which essentially states that the ground state energy and the 
eigenprojection depend continuously on a. 

Theorem 4. Assume (H). There exists a Ao > such that for all A G B\ and all 

a > 0, H\ a has an eigenvalue E a (X) with eigenvector Vv(A) and eigen-projection -Po-(A) 
satisfying (i)-(iii) of Theorem^ Moreover, E a (X), ip a (\), and P a (X) ! as well as the 
expansion coefficients E^ and Pa n \ in 

oo 

E a {\) = ^Ef n) \ 2n (9) 

n=0 

oo 

P <r (A)=j^pWA n , (10) 

n=0 

are continuous functions of a G [0, oo). 

By the uniqueness of the ground state, we know from Theorem H] and the result from 
perturbation theory (for details see Theorem |5T|) that for any a > there exists an open 
ball, B Xo{ah such that P a (X) = P CT (A) and E a (X) = E a (X) for all A G B Xo{a) n R. By 
analytic continuation it follows that P CT ( A) and E a {X) have an analytic extension to a 
ball, B\ , which is independent of a > 0. Moreover, these extensions agree with P CT (A) 
and E a (X) on that ball, respectively. Thus we have shown that Theorem H] implies the 
following corollary. 

Corollary 5. Assume (H). There exists a Ao > such that for all a > 0, P CT (A) and 
P CT (A) have an analytic extension to B\ , and on B\ they agree with P CT (A) and E a (X). 
In particular, for any a > we have 

p(n) _ p(n) p(n) _ p(n) 
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and the following limits exist, 



lim Pj n) = P (n) , lim Ei n) =E in) . 



0-4.0 0-4.0 



(11) 



Note that the existence of the limit (TTTT) is in view of Equation not obvious. In 
particular certain summands in that sum are divergent as o — )■ 0. But the total sum must 
be convergent by (TTTT) . We note the following remark illustrating this observation (see 
Section [TBI. 

Remark 6. Consider the sum OH]). For n < 3 all terms in the sum converge as a tends 
to 0. For n = 4, there are terms which diverge. Let 



Then lim^o A a and lim^o B a diverge but lim^o^o- + B a ) converges. 

It would be interesting to understand the nature of the cancellations occurring in 
the coefficients dH]) in a systematic way. Moreover, a sufficiently good estimate on these 
coefficients could possibly provide an alternate way to prove Theorem [TJ 

Let us now outline the paper. In section [3T, we prove that a possible ground state of 
the spin-boson model has to be unique. We use this result to establish the equivalence of 
expansion coefficients obtained on the one hand by perturbation theory and on the other 
hand by operator theoretic renormalization. 

Since Theorem [TJ is a special case of Theorem HJ we only prove the latter. The proof 
is based on the operator theoretic renormalization analysis, as outlined in [TJ. Sections 
|41TT01 are devoted to the renormalization analysis. In Section HI we introduce the smooth 
Feshbach map associated to a pair of operators and we review some of its isospectrality 
properties, which will be needed later. In Section [51 we define a Banach space of integral 
kernels and show its bijective correspondence to a subspace of Hamiltonians acting on 
Fock-space. In Section we define the renormalization transformation on the level of 
operators. In Section [71 we derive the induced action of the renormalization transfor- 
mation on the space of integral kernels. In Section [HJ we show that the renormalization 
transformation preserves analyticity and continuity properties of the integral kernels. In 
Section [HI we show that the renormalization transformation acts as a contraction in a sub- 
set of the Banach space of integral kernels for which the sum of the number of creation 
and annihilation operators is even. In Section [TOl we construct the eigenvector and the 
corresponding eigenvalue of H\^ a . We collect certain convergence estimates which are uni- 
form and which will be needed to prove the analyticity of the ground state. This section 
contains the main results needed from the operator theoretic renormalization analysis to 
prove Theorem [H In Section [TTJ, we perform the initial two Feshbach transformations. 
This allows us to turn the spectral problem of the spin-boson Hamiltonian into a spectral 
problem of a new operator involving a sum of normal ordered monomials in creation and 
annihilation operators where for each summand the total number of creation and annihi- 
lation operators is even. Moreover, we present a basic estimate which allows us to initiate 



C{l) T C{1) T q(l) T o(l) T c(0) 

°a 1 v D a A cr>J a -L<r>J a J-aO a 

C(2) T q{l) T q(0) T q(l) T q(0) 
°cr 1 a J cT 1 <J J a 1 <J J a 1 v°a • 



7 



the renormalization procedure. In Section H21 we put all the pieces together and prove 
Theorem HI For this we will mainly use results stated in Sections [10] and [TTJ 

In Section [13j we discuss analytic perturbation theory and Remark [6j In Appendix 
A, we collect a few basic estimates and identities involving creation and annihilation 
operators. In Appendix B, we discuss Wick's theorem and a generalization thereof. 

3 Uniqueness 

In this section we prove Theorem [3j It involves a special choice of L? space and a positivity 
argument. We first introduce the notation 

*(/) = <**(/) + <*(/) , /Gh = L 2 (M 3 ) 

and prove a lemma. 

Lemma 7. Given /o G f) then there exists a real Hilbert space t C f) with the properties 

(1) I is invariant under {e~ tu \t > 0}. 

(2) I + it = f) 

(3j [$(/),$(</)] = 0i//,<7G* 

M /o e «■ 

Proof. Given / G f) \ {0}, let V) be the real Hilbert space given by 

V/ = {g(uj)f G f) | g a real measurable function} 

It is easy to see that V/ is closed. We consider the family ij of superorthogonal sets 
of vectors {fj G f) | < j < N}, N < oo, where superorthogonal means that V/. is 
orthogonal to //» for all k ^ j. We order the set by inclusion. An easy application of 
Zorn's lemma shows there is a maximal element, r = {fj G f) | < j < iV T }, of i^. Let 
us write 

AT T - 1 

t=©v,„ 

i=o 

where in the direct sum we only allow linear combinations with real coefficients so that t 
is a real Hilbert space. The properties (1) and (4) are clear while (3) follows from 

[$(/), $(g)] = 2tlm(f,g) 

To see that (f,g) is real for f,g G t note (/,(?) = if / and g are in different V/.'s 
while if / = h\{uj)fj G P) and g = h^{oj)fj G fi with /ii and /12 real then (/, g) = 
f h 1 (u)h 2 (uj)\fj(u)\ 2 d 3 k is clearly real. To see (2) note that if h G f) is orthogonal to t, 
then by an approximation argument the same is true of all g(u)h G f) with g measurable. 
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Thus if h 7^ 0, rU{h} G $j and r is not maximal. Thus h = 0. Let £? = {f j|j G N}, G t, 
be an orthonormal basis for t. Then by what we have just proved, B is an orthonormal 
basis for (). If g G f) then g = ^^(aj+ify)^ with a j, bj real and 52^=1 (l a j| 2 + \bj\ 2 ) < oo. 
Then 

oo oo 

g = ctjVj + i bjVj E t + it. 

3=1 3=1 

□ 



Proof of Theorem [3J From the lemma and the fact that the closure of the linear span of 

{e l * (/) fi|/ G t} 

is in fact all of Fock space, the spectral theorem shows that J 7 is unitarily equivalent to 
L 2 (Q,d/i) for some probability measure space (Q, //) (we suppress the cr-algebra). In this 
representation Q is the function 1 and we can take all the $(/)'s, / G t to be real Gaussian 
random variables with $(/ + g) = $(/) + ^KflO for f,g £ t. Following [18], in the new 
representation e~ tHf is a positivity preserving operator on L 2 (Q, dfi). Let £/ = u® 1, with 
u = e-^l^y . Note that mo^u -1 = a z , uo z vT x = —a x , and thus taking A = 1 without 
loss of generality, 

H := UH X U~ X = H + a z ® <j>(f) 

where 

Hq = 1 - o x <g> 1 + 1 (g) #/. 

We write 0J~ l l 2 f = f so that </>(/) = $(/o)- H has a non-degenerate ground state in 
C 2 £g> J 7 , namely 

f | J ® ft =: tf - 

We note that 

C 2 <g> J 7 = L 2 ({-1, 1} xQ,dp® dy) 
where p({l}) = — 1}) = 1. In this representation, if / G L 2 ({ — 1, 1} x Q; dp®dy) then 

((^®l)/)(±l,-) = /(Tl,-) (12) 
{(l®e- tH f)f)(s,-) = e- tH ff(s,-) (13) 
((a, ® *(/«,))/) (±1, •) = ±*(/ )/(±l, •)• (14) 

In addition e~^~ CTa:(g,1 - ) is positivity preserving (clear by expanding the exponential in a 
power series) and thus so is e~ tH °. The operator H has a non-degenerate ground state 
given by the function 1. A direct application of Theorem XIII. 43 of [16] then implies 
L°°({-1,1} x Q) U {e- n °} acts irreducibly in L 2 ({-1, 1} x Q). Since a z ® $(/ ) is 
infinitesimally Hq bounded, Theorem XIII. 45 of [16] then shows L°°({— 1, 1}xQ)U 
acts irreducibly in L 2 ({ — 1,1} x Q). Finally according to Theorem XIII. 43 of [16], if 
E = inf o~(H) is an eigenvalue of H, then it is non-degenerate. □ 
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We end this section with a proof that cr(H\) is a half line. In fact using the ideas 
developed in Lemma [7J we prove a bit more: 

Proposition 8. Suppose A G R, w -1 / 2 / G f), and w -1 / G f). Let E = mfa(H\). Then 

(Tac(H\) = [E, OO). 

Here a ac (H\) is the absolutely continuous spectrum of H\. 

Proof. Using the notation of Lemma [7J and Theorem [3j let f)i = Vf + iVf . Using polar 
coordinates (u, t) where u G S 2 and t G (0, oo) we have f (t) G L 2 (S 2 ) for a.e. £. According 
to [8] the space orthogonal to /o(£) in L 2 (S 2 ) has an orthonormal basis {e.,(t)|j G N} where 
the vectors e,-(t) are measurable in the variable £. The space of functions Y^m=i 9n(t)e n (t) 
with g n G L 2 {t 2 dt) and Xl^Li Jo°° lfi , ™(£)| 2 £ 2 <^ < oo is exactly f)2 := f)i~. Fix an orthonormal 
basis {ij\j G N} for L 2 (S 2 ) and note that defining u(t) : foit) 1 - ->■ L 2 (S 2 ) by linearity 
and continuity from u(t)ej(t) := e^, then w(t) is unitary and Z7 given by Ug(t) = u(t)g(t) 
is a unitary map of 1)2 onto f) = L 2 (R 3 ). 

We now factor the Hilbert space H = C 2 ® J 7 as "H = C 2 ® .F(f)i) ® ^(f^)- With respect 
to this factorization we write # A = r<g)l<g)l + l<g) # j X) g> 1 + Xa x <g> (j){f) g> 1 + 1 ® 1 <g> #} 2) 
where ii^ is the restriction of if/ to ^ r (^) H D(Hf). We define -ff\ by the equation 

H x — H x <g) 1 + 1 <g> ifj 2 ^. Let r(C7) : — > ^(f)) be the unitary operator satisfying 
Y{U)VL = Q and T(U)S n (gi <2) • • • <g> g n ) = S n {Ugi <g> • • • ® t/g n ). It is easy to see that 
T(U)Hp = HfT(U) so that i/j 2 ' ) restricted to fi 1 " is absolutely continuous. Since clearly 
= inf c(H\) and the convolution of an absolutely continuous measure with another 
measure is absolutely continuous, the proposition easily follows. □ 



4 Smooth Feshbach Property 

In this section we follow [U [TT]. We introduce the Feshbach map and state its basic 
isospectrality properties. This will be needed to define the renormalization transformation 
and to construct the ground state and the ground state energy. 

Let x an d X De commuting, nonzero bounded operators, acting on a separable Hilbert 
space % and satisfying x 2 + X 2 = 1- A Feshbach pair (H,T) for x is a P a h °f closed 
operators with the same domain, 

H,T : D(H) = D(T) C U ->• H 

such that H,T,W := H — T, and the operators 

W x := x^x, W% := X^X 

^ X :=T + H/ X , ^:=T + H/ X , 

defined on D{T) satisfy the following assumptions: 
(a) xT C Tx and xT C Tx, 
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(b) T, H x ■ D(T) fl Ranx — > Ranx are bijections with bounded inverse, 

(c) xH^xWx '■ D(T) C H — > H. is a bounded operator. 

Remark 9. By abuse of notation we write H^x for (H x \ Ranx H D(T)) 1 x one? likewise 
T- l xfor{T\R i mx^D{T))- l x- 

An operator A : D(A) C H — > % is called bounded invertible in a subspace V C H (V 
not necessarily closed), if A : fl V — >• V is a bijection with bounded inverse. Given 

a Feshbach pair (H, T) for x, the operator 

F X (H,T) := F x - xWxH^xWx 

on -D(T) is called the Feshbach map of H. The mapping (H, T) i— > F X (H, T) is called the 
Feshbach map. The auxiliary operators 

Q x := Q X (H, T) := x - ^Wx, 
Q# := Q#(ff,T) := x - X^X^X- 

are by conditions (a), (c), bounded, and Q x leaves D(T) invariant. The Feshbach map is 
isospectral in the sense of the following theorem. 

Theorem 10. Let (H,T) be a Feshbach pair for x on a Hilbert space H. Then the 
following holds: 

(i) Let V be subspace with Ranx C V cH, 

T : D(T) n V -»■ V, and xF^xY C V. 

Then H : D(H) C H H is bounded invertible if and only if F X (H,T) : D(T) fl 
V — > V is bounded invertible in V . Moreover, 

H- 1 = Q X F X (H, T^Q* + xH~ l % 
F^H.T)- 1 = X H- l x + xT' l x ■ 

(ii) x ker if c ker F X (H,T) and Q x ker F X (H, T) C ker H . The mappings 

X : kerH -> ker F X {H,T), 
Q x : ker F X (H,T) -> ker if, 

are linear isomorphisms and inverse to each other. 

The proof of Theorem [10] can be found in [II] . The next lemma gives sufficient 
conditions for two operators to be a Feshbach pair. It follows from a Neumann expansion, 

mi- 

Lemma 11. Conditions (a), (b) ; and (c) on Feshbach pairs are satisfied if: 
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(a') xT C Tx and xT C Tx, 

(b ') T is bounded invertible in Ranx, 

(c ! ) WT^xWxW < I? llxW 7 ^ -1 ^!! < 1; and T~ l xWx is a bounded operator. 

Moreover we need the identity given in the following Lemma. The identity follows 
after some manipulations of the definitions. A proof can be found for example in [11] . 

Lemma 12. Let (H,T) be a Feshbach pair for x- Then HQ X = xF x (H,T) on D(T). 

5 Banach Spaces of Hamiltonians 

In this section we introduce Banach spaces of integral kernels, which parameterize certain 
subspaces of the space of bounded operators on Fock space. These subspaces are suitable 
to study an iterative application of the Feshbach map and to formulate the contraction 
property. We mainly follow the exposition in [TJ. However, we use a different class of 
Banach spaces. The renormalization transformation will be defined on operators acting 
on the reduced Fock space 



where we introduced the notation P re d := X[o,i](Hf)- We will investigate bounded opera- 
tors in B{H mt \) of the form 



where T = t(Hf) with t G C 1 ([0, 1]) and the interaction term W is given formally by 



red • -'red*' > 



T + W, 



(15) 




(16) 



m+n>l 



with 




red , (17) 




(1 
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where u> m ,n G L°°([0, 1] x B™ x B™) is an integral kernel and w = (w m ,n)m,neN a sequence 
of integral kernels. We have used and will henceforth use the following notation. 

Bi := {x G M 3 ||x| < 1} 

k^ := (ki, k m ) G M 3m , := ,fc n ) G M 3 ", 



(4vr) m (47r) 7 



dk^ := Y[ d 3 ki, dk {n) := Y[ d 3 kj, 

i=l j=l 

m m 

a*(k^) := rja*(^), a(k^) := \[a{k 3 ) 

i=l j=l 
\ K (m,n)\ ._ | fc (m)| . ^(n)^ | fc (m)| . = ^ ...| fcm | ? |jfcM| ;= | ^ | . . . | fcj ; 

m 

S[^ (m) ] :=£>|- 

i=l 

For w 0i o G L°°([0, 1]), we define 

#o,oOo,o) := w ,o( H f)- 

Note that ( ITTj) is understood in the sense of forms, i.e. for ip, (f> two vectors in H T ed with 
finitely many particles we define, 

, m+n \ K (m,n)\i/2 (a(k (m) )Pr C ^, w m>n (H f , K^) a(k^) P ied <j>) . 



A vector ip G J 7 is said to have finitely many particles if only finitely many ip n are 
nonzero. For the precise meaning of the vectors a{k^)P reA tp and a(k^)P ied (f> see (TTTUD 
in Appendix A. As shown in the proof of the next lemma, Lemma [131 the quadratic 
form ( fl8l) is bounded and thus defines a bounded operator. Note that in view of the 
pull-through formula, Lemma |52j the operator in ( ITT)) is equal to the restriction of 

J!f(m,n) 

r a*(^ (m) M#/ + £^ (m) ] < l)^ m ,n(^/,^ (m ' n) )x(^/ + S[A;W] < l)a(A^) 



fim+ n |^(m,n)|l/2 

(19) 

to the subspace "H re d- Thus we can restrict attention to integral kernels u> m ,n which are 
essentially supported on the set 

Q m ,n := {(r )J R:( m '"))G[0,l]x J B 1 " l+ "|r<l-max(E[A ; ( m )],S[F m )])} , m + n>l, 
Qo,o := [0,1]. 
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Moreover, note that integral kernels can always be assumed to be symmetric. That is, 
they lie in the range of the symmetrization operator, which is defined as follows, 

w Mjr( r > k(M ' N) ) ■= Yl w Af,7v(r, k n{1) , . . . , k n{N) ,h {1) , . . .,h {M) ). (20) 

To be able to relate the integral kernels with bounded operators we need the following 
lemma. 



Lemma 13. For w m>n G L°°([0, 1] x B™ x B™) we have 



||-^m,n \^m,n) II op < \\w m ,71 1| OO 

(n\m\) 1 , (21) 

where || • || op denotes the operator norm ofH Te( ±. 

Proof. For t/>, <fi G % re d with finitely many particles we estimate by means of the Cauchy- 
Schwarz inequality, 

\^,H m , n {w m , n )<t>)\ < H^nlU / |ir(m , n)|1/2 l|a(fc (m) )^||||a(^)y|| 



where 

D m {$)'.= [ |A; (m) |||a(A; (m) )^|| 2 ^ (m) 



1/2 



and S m>n = {K^ G B™ +n |S[A;( m )] < l,E[k^} < 1}. By Corollary [55] we have 

DM < \\Hf 2 n 2 < IUM|2 

We calculate 



rn . - n 



|Jf(m,n)|2 n ! m r ( 22 ) 

Collecting estimates the lemma follows. □ 

The renormalization procedure will involve kernels which lie in the following Banach 
spaces. We shall identify the space L°°(B^ +n ; C[0, 1]) with a subspace of L°°([0, l]xB? +n ) 
by setting w m>n {r, K^) := w m;n {K^ m ^){r) for w„ hn G L°°(B™ +n ; C[0, 1]). The norm in 
L°°{B™ +n ; C[0, 1]) is given by 

ll^m.nlloo := esssup sup r > |w mjn (i ; r {m ' n) )(r)|. 

We note that for u> G L°°(5™ +n ; C[0, 1]) we have ||u>||oo < \\w\\go- Conditions (i) and (ii) 
of the following definition are needed for the injectivity property stated in Theorem 
below. 
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Definition 14. We define W* n to be the Banach space consisting of functions w m ^ n G 
L°°(B™ +n ; C 1 [0, 1]) satisfying the following properties: 

(i) w m , n (l - XQ m ,J = 

(ii) w mt n(-, k^ m \ k^ 1 ') is totally symmetric in the variables k^ and k^ n ' 
(Hi) the following norm is finite 

l^m.nll • 1 1 l^rri'ii \ | oo II d r W mn II qq . 



Hence for almost all i^( m > n ) g B™ +n we have w m>n (-, K^ m ^) G C^O, l\, where the deriva- 
tive is denoted by d r w m ^ n . For < £ < 1, we define the Banach space 

(m,n)eNg 

to consist of all sequences w = (to m , n ) m ,n6M satisfying 

\H\f-= r (m+n) ik m ,nii # <oo. 

(m,n) SNq 

Remark 15. We shall also use the norm ||u> mjn ||* for any integral kernel w m ^ n G L°°(.B™ +n ; C^O, 1]). 
Note that ||wmfn^|| # < ||w m>n || # . 

Given w G VVT, we write w> r for the vector in WJ given by 



{w> r )(m,n) - z 



Wm^n , if m + n > r 
, otherwise. 



We will use the following balls to define the renormalization transformation 

B#(a, (3, 7 ) := {w G W* | \\d r w 0fi - 1|U < «, |w ,o(0)| < 0, ||w>i||f < 7 
For w G W*, it is easy to see using ( 1211 that the sum 

H{w):=Y,H m ,n 



with H m n (w) := H min (w mtn ) converges in operator norm with bound 

II WY„„MI <s IU.,1 

In fact using (I2TI) . we see that 



^HI|op< Ml?. (23) 



||^(^>,)||o P <rik>r||f. (24) 

To identify H(w) with expressions of the form ([15]) we will set T[w] := Wo t o(Hf). We will 
use the following theorem from pQ. Note that in the theorem stated in [1] the integral 
kernels are not restricted to Q m ,n- But this seems to be necessary for the injectivity 
property. We sketch a proof along the lines of pQ. 
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Theorem 16. The map H : W* — > B(H TC <i) is injective and bounded. 

Proof. The boundedness follows from (|23|) . Assume that H(w) = 0. We want to show 
that this implies that w = 0. First we show that H(w) = implies u>o,o — 0. To show this 
pick a non-negative function / G C^°(R 3 ) with supp/ C B\ and J f 2 (x)d 3 x = 1. Define 
f e ,k(x) := e -3 / 2 f(e^ 1 (x — k)) for k G -£>i. A straight forward computation gives 

(a*(f e>k )tt,H(w)a*(f e , k )ty 

f 2 k (x)w , (\x\)d 3 x + / / eifc (xi)wi i i(0,xi,5' 1 )/ e!S; (xi; 



Bi ./ B 



^ j e,re v*^ 1/ ^ijiv") ^ lj x J J e,/c v J-/ |^(1,1) 1 1/2 ' 



As e tends to zero, the second term on the right hand side converges to zero, because 
f e>k converges weakly to zero in L 2 (Bi) and the integral operator wi,i(0, x\, x^/lX^ 1 ' 1 '^ 2 
is compact. The first term converges in this limit to Wo,o(|^D- Since by assumption 
H(w) = 0, this implies w ,o — 0. To show that for m + n > also w m ^ n has to be zero we 
proceed by induction. We prove that w m ,„ = for all m + n < I — 1 implies that w m>n = 
for m + n = I. Thus fix (fh, n) with m + n — I. Let gi, ...,gfh, hi, hn G L 2 (Bi) and set 

ip = a*(gi) ■ ■ ■a*(g fh )a*(f ejk )n, = a* (hi) ■ ■ ■ a*(ha)a*{f e>k )Q. 



where we used that by the induction hypothesis w mjTl = if m + n <l — 1. Ase tends to 
zero, the second term on the right hand side converges to zero, because w — lim^o fe,k — 
in L 2 (Bi). The first term on the right hand side converges in this limit to (rh+ l)!(n+ 1)! 
times 

;9i(xi) ■ ■ ■g fh (xfh)w ih fi(\klX {m ' n) )hi(xi) ■ ■■hn(x R ), 



L 



other contributions to (if), H^ficj)) vanish in this limit, again because w — lim^ f etk = 
in L 2 (Bi). Since H(w) = and the choice of the functions hi and gi and the choice of 
k G Bi was arbitrary, we conclude that Wfhfi = 0. This shows Theorem [TBI □ 

The renormalization transformation will be defined on kernels which depend on a 
spectral parameter. To account for that, we introduce the following Banach space. 



Definition 17. Let denote the Banach space consisting of strongly analytic functions 
on D1/2 with values in W* and norm given by 

IK-)llf : = SU P IkOOIIf- 

For w G we will use the notation w m , n (z, ■) := ty(z) m>n (-). We extend the definition 
of H(-) to in the natural way: for w G Wf, we set 

(H(w)) (z) := H(w(z)) 
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and likewise for H m ,n(')) T[-]. The renormalization transformation will be defined 

on the following balls in Wf, 



B(a,/3,7) := <w G 



sup ||9 r w 0) o(2) - l||oo < a, sup \w ,o(z,0) + z\ < /3, ||w>i||£<7 
zeD 1/2 zeD 1/2 



Note that this set defines a basis of neighborhoods of the point w* satisfying H(w*(z)) = 
Hf — z, i.e., w*o } q(z, r) = r — z and wt >1 = , since 

{w G W(\\\w - w*\\t < e} C B(e,e,e) C {w G W^\\\w - w*\\t < 4e}. 

To state the contraction property of the renormalization transformation in Section [9J we 
will need to introduce the balls of even integral kernels 

Bo(a,/5,7) := {w G B(a, f3,"f)\w m>n = if m + n = odd}. 



We say that a kernel w G is symmetric if w m ^ n (z) = w n ^ m (z). Note that because of 
Theorem [161 we have for w G Wf, 



w is symmetric <^ H(w(z)) = H(w(z))*. 



(25) 



To show the continuity of the ground state and the ground state energy as a function of 
the infrared cutoff we need to introduce a coarser norm 

in W* n . The supremum norm is to fine. For w m>n G L°°(_B™ +n ; C[0, 1]) we define the 
norm 

\w m , n (r, K^)\ 2 



tUm,n\ \ 2 



\ K (m,n)\2 



sup 

re [0,1] 



1/2 



Observe that by ( 122]) we have 



h^m,n II 2 — 



W r , 



\Jn\m\ 

We have the following lemma. 

Lemma 18. For w m)n G L°°{B™ x B\\ C[0, 1]) we have 



(26) 



\H m ^ n {w m ^ 1 1 p ^ ||lf mjn ||2 



(27) 



Proof. We use the notation and the estimates used in the proof of Lemma [T51 For G 
"Hrcd with finitely many particles we estimate 



< 



b" 



| J{(m,n) 1 1/2 



|a(A; (m) )V||||a(fc (n) )0||c/^ (m ' n) 



sup rg[0;1] | Wm , n (r,^ m -"))p 

I j£(m,ri) 12 



1/2 



Now observe that by Corollary [531 we have D m (ip) < H^P- 



□ 
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Definition 19. Let S be topological space. We say that the mapping w : is 
componentwise L 2 -continuous (c- continuous) if for allm,n G No the map s i— > w(s) m ^ n is 
continuous with respect to \\ • \\2, that is 

lim \\w(s ) m> n - w(s) mn \\ 2 = 

s£S,s—>s 

for all s, So G S. 

The above notion of continuity for integral kernels, yields continuity of the associated 
operators with respect to the norm topology. This is the content of the following lemma. 

Lemma 20. Letw : S — > be c-continuous and uniformly bounded, i.e., sup sg5 ||iy(s)||^ < 
oo. Then H(w(-)) : S — > i3('H re d) is continuous, with respect to the norm topology. 

Proof. From Lemma [181 it follows that H m ^ n (w{s)) H m , n (w(so)) as s tends to so- 
The lemma now follows from a simple argument using the estimate ( |24|) and the uniform 
bound on w(-). □ 



6 Renormalization Transformation: Definition 

In this section we define the renormalization transformation as in pp. It is a combination 
of the Feshbach transformation which cuts out higher boson energies, a rescaling of the re- 
sulting operator so that it acts on the fixed subspace % re d and a conformal transformation 
of the spectral parameter. 

Let < £ < 1 and < p < 1. For w G we define the analytic function 

E p [w](z) := p-'Elw^z) := -/TVj.oO, 0) = -p- % (n,H(w(z))n) 

and the set 

U[w] := {z E D 1/2 \\E[w](z)\ <p/2}. 
Lemma 21. Let < p < 1/2. Then for all w G B(-, p/8, ■), we have 

D 3p /8 C U[w] C D 5p/8 , 

\d z E[w](z) - 1| < 4p(4 - 5p)" 2 < 8/9 for all z G U[w], and E p [w] : C/[w] -»■ D 1/2 an 
analytic bijection. 

The lemma follows directly from the following lemma by choosing the appropriate 
values for the corresponding constants (r = p/2, e — p/8). 

Lemma 22. Let < e < 1/2, and let E : -D1/2 — >■ C be an analytic function which 
satisfies 

sup \E(z) — z\ < e. 
T/ien /or any r > wi/i r + e < 1/2 t/ie following is true. 
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(a) For w G D r there exists a unique z G -D1/2 such that E(z) = w. 

(b) The map E : U r := {z G Z?i/2||i£(;z)| < r} D r is biholomorphic. 

(c) We have -D r _ e C U r C D r+e . 

(d) Ifze D r+e , then \d z E(z) - 1| < §(1/2 - (r + e))" 2 . 
Proof, (a). Existence: For 2; G dD e+r and u> G D r , 

— 2; I < e < |z| — |tu| < \z — w\ . 

By Rouche's theorem, for any w G D r there exists a unique z G -D e+r such that E(z) = w. 
Uniqueness: If w G D r , z G -D1/2, and -E(z) = w, then 

M < |£(z)| +e < r + e . (28) 

(b) . This follows from (a) by the inverse function theorem of complex analysis. 

(c) . The first inclusion follows from |-E(z)| — \z\ + e - The second from (1281) . 
To obtain the estimate in (d), we use Cauchy's integral formula 

\d z (E(z) - z)\ < liminf 

□ 

Let xi an d Xi be two functions in C°°([0,oo); [0, 1]) with xl + Xi — 1> Xi — 1 011 
[0,3/4), and suppxi C [0, 1]. We set 

x P (-)=xi(-/p) > x P (0 = xi(-/p) , 

and use the abbreviation % p = Xp(Hf) an d X P — Xp(Hf)- It should be clear from the 
context whether % p or % p denotes a function or an operator. For an explicit choice of %i 
and Xi see [I] • The following lemma will be needed to be able to define the Feshbach map 
which will be used later. 

Lemma 23. Let < p < 1/2. Then for all w G B*(p/8, p/2, p/8) we have 

\\(H ,o{w) [Ranx,)" 1 !! <^ (29) 

lltfo.oH-'x^Mil < \ , WMHwW~%\\ < I ( 3 °) 

In particular (H(w), i? ,o( w )) a Feshbach pair for x P - 



2tii 



E(w) — w 



9D 1/2 _ n (w- z y 



dw 



< 



7T 



27r(l/2-(r + e)) 5 
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Proof. To prove the lemma we verify the assumptions of Lemma [TT] Clearly \p commutes 
with Hofl(w). For r E [|p, 1], we estimate 

\w ,o(r)\ >r-\r - (w 0fi (r) - to Q ,o(0))| - |w ,o(0)| 

> r _ rp/8 - p/2 > lp{\ - p/8) - p/2 > ^ . (31) 

This implies that H ^(w) is invertible on the range of \ p and that fl29l) holds. By this and 
II^MII — p/^i w hich follows from (I24"j) . inequalities ( 130]) follow. The Feshbach property 
now follows from Lemma 111! since Hxilloo ||Xi||oo 

< 1. □ 

Remark 24. Note that w E B(a,(3,j) and z E U[w] imply w(z) E B*(a, p/2, 7) . 

In the definition of the renormalization transformation there is a scaling transformation 
S p which scales the energy value p to the value 1. It is defined as follows. For operators 
AeB(F) set 

S P (A) = p-'TpAr;, 

where T p is the unitary dilation on J 7 which is uniquely determined by T P Q = Q and 
r p a # (A;)r; = p- 3 / 2 a*(p- 1 k), for all k E 1R 3 . It is easy to check that T p H f T* = pH f and 
hence r p x p r* = \i- We are now ready to precisely define the renormalization transfor- 
mation, which in view of Lemmas [21] and [23] and Remark [24] is well defined. 

Definition 25. Let < p < 1/2. For w E B*(p/8, p/2, p/8), we define the operator 

Kf(H(w)) := S p (F Xp (H(w),H 0fi (w))) \ H Ied , 
and for w E B(p/8, p/8, p/8) we define the renormalization transformation 

(TZ p H(w)) (z) := K*{H{w{E p [w]-\z))), 

where z E -Di/2- 

In view of the Feshbach property, Theorem [10] (ii), and since Ran^i C lived, it will 
turn out to be sufficient to study the restriction of the Feshbach map to "H re d, 

7 Renormalization Transformation: Kernels 

We have defined the renormalization transformation on the level of operators. In this 
section we will describe the induced transformation on the integral kernels. This trans- 
formation is derived the same way as in pp. However, we use modified estimates to show 
that the renormalized kernel is again an element of W*. 

Throughout this section we assume w E B# (p/8, p/2, p/8) and < p < 1/2. We will 
show that under suitable conditions there exists an integral kernel lZf(w) E W*, given 
in (|35|) below, such that 

n*(H( W )) = H(Kf(w)). 
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Note that the uniqueness of the integral kernel will follow from Theorem [16] Next we 
show its formal existence. First we expand the Feshbach operator into a Neumann series 
which is justified by Lemma [231 and rearrange the factorization to arrive at the following 
identity which holds on "H re d, 

F Xp (H(w),H 0fi (w)) = T + x P W Xp -XpWx P {T + X p Wx P )-%Wxp 

-2 1 L ~ 1 

X P , (32) 



T 



L=l 

where here we used the abbreviations W — W[w] and T = T[w]. Using the commutation 
relation of the creation and annihilation operators and the pull-through formula we bring 
this expression into normal order. To this end we introduce 

■= P -d [x(p>g)[1/2 a*(x^)w p+m , q+n {H f + r, x<*\ k^\x^\ k^)a{x^)P Ied 

which defines an operator for a.e. i^( m > n ) g B™ +n . In the case m = n = we set 
WmnM( r ) := W m>n [ii;](r). For later use we state an inequality in the following lemma. 
The inequality is obtained the same way as ( 12T|) . 

Lemma 26. Let w G W*. Then 

'\W r . 



l|H^"M(r,^ m '"))|| op < H' " + "'"+"ll- 
\d r W™f[w}(r,K^)\\ op < 



y/plql 

where the partial derivative d r W™j n [w] is taken in the weak operator topology. 

The next theorem, [T] , is a variant of Wick's Theorem and will be used to write the 
L-th summand in (I3"2"|) in terms of integral kernels. Its proof can be found in Appendix 
B. 

Theorem 27. Let w G W* and let F , F 1 , ...,F L be bounded Borel measureable functions 
on [0, oo). Then 

F (// / )W / MF 1 (// / )W>>] • • ■ W[w]F L _x(H f )W[w]F L (H f ) = H(w isym) ), 



where 



w M ,N(r,K (M ' N) ) 



mi+Pi\ fni + qi 
Pi )\Ql 



e En 

mi+-m L =M Pl,H,-,PL,(lL- 1=1 
m+...n L =N mi+Pl+".i+qi>l 

L-l 

xF (r + r )(Q, J] { W™M(r + r h tf< m " ni) )Fj(# f + r + r l ] 



i=i 

W^ q n L L [w}(r + r L , Kt L > nL) )tyF L (r + r L ), (33) 
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with 

J({M,N) ._ ^(mi,ni) j^-{rn L ,n L )^ j^{m u ni) ._ (jl m l) %( ri1 ^ 

n := S[^ ni) ] + • • • + Efe l} ] + X[A>\ i+l) ] + • • • + 

r, := S[fc! ni) ] + ■ ■ • + S[fc{ ni) ] + + ■ ■ ■ + £[Jfe£ mi) ] 

We use the standard convention that YYj=i a j = a i°2 • • • a n- 

Remark 28. If F ,F L E C°°[0, oo) /iave support contained in [0,1], t/ien t/ie summands 
occurring in (1331) satisfy property (i) of the definition of\V^ n (see Definitional^). Because 
of property (i) of the definition ofW# n , only the values of F±, on [0, 1] matter in 

(|33|) . T/ie supremum norm can be estimated using 

\(n,A 1 A 2 ---A n n)\ < ||Ai|| op ||A 2 || op --- \\A n \\ op (34) 

and Lemma (|26|) . A^cw suppose F±, ...,Fl-i E C* 1 [0, 1]. T/ien 6y i/ie defining property of 
n we can calculate the derivative with respect to r of each summand using the Leibniz 
rule, where the interchange of integration and differentiation is justified by (Hi) of the 
definition ofW^ n . Using again (1341) and LemmaWh^ it can be shown that each summand 
of ([33D is m C X [Q, 1] a.e.. 

It can be shown that the involved sums converge absolutely in the || • ||^ norm. But 
for the moment we are only interested in the combinatorics. Using Theorem [27] to write 
expression (132]) in terms of an operator involving integral kernels, it turns out to useful to 
introduce the multi-indices m = (mi, ttil) E Nq , for L E N. We set |m| = mi+- • ■+itil, 
and := (0, 0, 0) E Nq. As a final step we have to scale the operator or equivalently 
the integral kernels. The integral kernels scale as follows. For (m, n) E Nq 

s p (w) m>n (r, K^) := p m+n ~ l w min (pr,pK^), 

since then 

P ied S p (H(w))P ied \ H Icd = H(s p (w)). 
Following the outlined procedure above, we arrive at the renormalized integral kernels 

71* (w) := w (sym) , (35) 

where the kernels w are given as follows. For M + N > 1, 

oo 

WM,N(r, K^' N) ) : = ^(-l)^V^- 1 ( 36 ) 

L=l (m,p,n,q)£N% L : 
\m\=M,\n\=N, 
mi+pi+ni+qi>l 

n{( m ;; p ')( n 'r')}--N(,.--», 
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and 

oo 

6>o,o(r) := p-'wo^pr) + p' 1 ^(-l)^ 1 %&fi>sM(0 • (37) 

Moreover, we have introduced the expressions 

v mq _[w](r,K^^):= (3* 
0, FoH(^/ + p(r + r„)) ]J {W™^[w](p(r + r,), pK^'^F^Hf + p{r + r,))f Q 



where F Q [w](r) := Xp( r ) an d F L [w]{r) := Xp{ r )i an d for I = 1, ...,L — 1 

Fl [w](r) := F[w](r) := . 

Above we have used notation introduced in Theorem [27J From the previous discussion in 
this section, Theorem [291 below, follows apart from the property that the renormalized 
kernel is indeed an element of the Banach space W,f and satisfies a uniform bound. 



Theorem 29. Let < p < 1/2 and < f < 1/2 and assume w G B*(p/8, p/2, p/8). 
Then 11* (w) G Wf and 



1Z*(H(w)) = H(1Z*(w)). 

Moreover, sup tt6B#(p/8ip/2jP/8) \\H*(w)\\f < oo. 

The remaining part of this section concerns the proof of Theorem [291 To prove it we 
need an estimate on the kernels (1381 . Note that in view of Remark [28] the kernels ([38]) as 
well as their derivatives are well defined and can be shown to be bounded. 

Lemma 30. Let < p < 1/2 and w G B*(p/8, p/2, p/8). Then for (m , p, n, q) G Nq L we 

L-l L 

l# 



<C L (~) n^^, (39) 



t:=3p/16 , C L :=l + 2L||<9 r .Xi||oc + (£-l)8. (40) 

Proof. To arrive at f ]3"9~]) we start with the following estimates. For I = 0, L we have 

||F / H(F / + p(r + f / ))|| op < 1 (41) 
||a r (^H(F/ + p(r + f0))ll O p < II^XilU- (42) 
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Using ([51]) we find 

llFHUoo < [inf re[p|il] | WOi0 (r)|j _1 < 1 (43) 



We also need an estimate on the derivative of F[w] 



d r Fl w ](r) =p -> 2X ' ir)ld 'Xf /p) - *fr)[»«*fl(r ) 

w ,o(r) (w 0i0 (r)) 2 

Using (T43l) and Xi^Xi = ~~ Xi^Xi we estimate (jSJ) and obtain 

z?r in ^ _i2 9 r Xi oo . 3/2 
||d r *>]||oo<P ^ + ~^~' ^ > 

noting that ||<9 r u'o,o||oo < 1 + p/8 < 3/2. Next we use ( 1341) and Lemma [26] to obtain the 
following estimate 



Using Leibniz' rule a similar estimate yields, 
\drV^JM{r,K^>W)\ 

< (2||9 rX i||ool|FHII^ 1 + (^-i)II^MII^ 2 llp^Mlloo)n 



\w 



mi+pi,ni+qi \ \oo 



1=1 



i II I7T„„1I|£-1 H^ t,7 «V+Pi'>'V+<? i ' Woo TT ||w m;+p , in ; +gi ||oo 

Collecting estimates yields that claim. □ 



Proof of Theorem\2^ Assume w G £> # (p/8, p/2, p/8). In view of the discussion in this 
section it remains to show that 7Zf(w) G Wf. To this end note that by the definition of 
w m ,n, (PJ, we find for M + N > 1, 




I m | =M, | n| =iV,m ( + Pi +n; +q t > 1 
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Inserting this below and using the estimate of Lemma [301 we find using ^=t^t — 1 



\\(w M . 



n)m+n>i\\£ 

£ r (M+iV) ii^M,ivii # 



M+N>1 
oo 



(2p)'- l+l -' (2^)-(i^ |+| ^ |) 



L=l 



n 

1=1 



(m,p,n,g)eNg L : 
\m\+\'H\~> 1 , m l+Pl+ n l+<ll'> 1 

m l +Pl\ f n l + Ql\ ll W m ; + P! ,n,+J| # 



Pi 



VpiW 



< 



X 



E^" 1 E 



L=l 



i = [\\ Pi J\ <ll J 



w 



mi+pi,ni+qi \ 



!# 



OO 



< 

L=l 

oo 

L=l 

oo 



E 

.m+p+n+<j>l 



m + p\ fn + q 



P 



q 



# 



— L 



-I L 



i+fc>i 



< 



E^(i 



w>i||fi ■ 



L=l 



where in the second last inequality we used the binomial formula 

£ ( m+p )ai/2r = (e+i/2)'<i 

, i V P / 



(46) 



m+p=l 



The term in the last line is bounded since || w>i H^/t < 1. A similar but simpler estimate 
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yields 



\w 



,o\\* < p i \\wq,o(p -)\\* +p X E E IKp.o^M 



l# 



L=2 ( M )eN^: 
Pi +<?!>! 



# 



L=2 



(p,g) eN o • 
Pi +<?;>! 



<P^lko,o(p-)ll # + E^(^) 

L=2 

oo 

^p-'IKoCpOIP + E^/*) 

L=2 

where the last line is bounded since ||w;>i||?/t < 1. 



p,q\\ 



.p+<?>l 



'"Will? 



□ 



8 Analyticity and Continuity 

In this section we show that the renormalization transformation acting on the integral 
kernels preserves analyticity and c-continuity. We note that an alternate proof to show 
that the renormalization transformation preserves analyticity would be to show that IZj 
is a Frechet different iable map on the space of integral kernels. Whenever we can treat a 
statement A concerning analyticity and a statement C concerning continuity in a similar 
way, we will write U A (C)" which stands for U A respectively C". 

Theorem 31. Let < p < 1/2 and < f < 1/2 (0 < £ < 1/4). Let S be an open subset 
of C u with v G N (a topological space). Suppose the map w(-) : S — > W* is analytic 
(c- continuous) and w(S) C £> # (p/8, p/2, p/8). Then 

is also analytic (c- continuous). 

Lemma [2T], Remark [2H Theorem [2H1 and Theorem EH imply the following theorem. 

Theorem 32. Let < p < 1/2 and < f < 1/2. For u> G B(p/8, p/8, p/8) the integral 
kernel TZ p w : _Di/ 2 — > VV*, defined by (lZ p w)(z) := 7?.*(w(Fp[w] _1 (z)) /or z G Dy 2 is in 
and 

(n p H(w))(z) = H((n p w)(z)). 

If w is symmetric then also TZ p w is symmetric. 
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The statement about the symmetry follows from (1251) and the definition of the renor- 
malization transformation, see Definition [25] The symmetry property could also be ve- 
rified using the explicit expressions ( 136|) and (|3Tj) . We write F-differentiable for Frechet 
different iable. Furthermore, Theorem ED has the following theorem as consequence. 

Theorem 33. Let < p < 1/2 and < £ < 1/2 (0<£<l/4). Let S be an open subset 
of C u (a topological space). Suppose 

w(; •) : S x D 1/2 -> Vtf 

zs an analytic (a c-continuous) function such that w(s)(-) := w(s, ■) is in B(p/8, p/8, p/8). 
Then 

(s,z)^{K p {w{s)))(z) 
is also a W* -valued analytic (c-continuous) function. 

Remark 34. Note that by Hartogs' Theorem joint analyticity is equivalent to individual 
analyticity. 

Proof. First observe that (s,z) E p [w(s)](z) is analytic (continuous). It follows that 
the mapping (s,z) h> E p [w(s)]~ 1 (z) on S x D 1 / 2 is analytic (continuous), which can be 
seen from Lemma [21] and the identity 

EM*)KE P W8))-\z))-z = 0. (47) 

It follows that the map (s, z) G S x £>i/ 2 — >■ w(s, £ l p [w(s)]~ 1 (z)) is analytic (c-continuous) 
and by Remark [24] its range is contained in B#(p/8, p/2, p/8). It follows now from Theo- 
rem I3T1 that (s,z) h-> lZf(w(s, E p [w(s)}~ 1 (z))) is analytic (c-continuous). □ 

The remaining part of this section is devoted to the proof of Theorem [311 First we show 
the statement regarding analyticity, then we show the statement regarding c-continuity. 

To show the statement about analyticity we first show in Lemma [35] below, that the 
map Vrn, P ,n,q[w(-)] : S —> W* is analytic. It then follows from (|36|) and ( 1371) that the 

renormalized kernel w(s) = 1Zj(w(s)) is given as a series of analytic mappings. Analyt- 
icity of the renormalized kernel will follow, provided that the series converges uniformly 
on S. Since we are not able to show this on the whole set S directly, we will show, below, 
uniform convergence on open subsets of S which constitute a covering of S. This is in 
fact sufficient to conclude the analyticity of s i-> TZf(w(s)). 

Lemma 35. Let the assumptions of Theorem\3l\ hold. Then v mjPtlk ,q[w(-)] : S — > W* is 
analytic. 

Lemma [35] follows since by part (a) of the following Lemma and Estimate ( 13T1) the 
function v mp&q [w(-)] is a composition of an analytic map with a F-differentiable map. 

Lemma 36. Let < p < 1/2. Then the following statements hold for e > 0. 
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(a) On := {w G W*|inf r , g [ p | jl ]|w 00 (r)| > e} the following map is F-differentiable 

v \A • £> (e) 

u m,p,n,q [ J • ^ 

(<0 



w 



(b) On O Q ' := {t G W* |inf rg [ p 3 1 ]|t(r)| > e} the following map is F-differentiable 

-2 



T 



(48) 



Proof. First we show part (b). We will use that for all /, g G Wo,o we have ||/^||* < 
and that for all f G W , with ||£|| # < e/2 we have 



F[f + £]-F[f] 



Xp£ 



f 2 



# 



Xp£ 



< 



yep 



# 



# 


Xp 







# 



where in the last inequality we used the estimate 



X r, 



# 



< 



+ 



OO 

< 1+II^Xplloo + \\t\\*+U\\* < c 



lie 2 ll # <c(ne|| # ) ; 



# 



(e-U\\ 



#)2 



(49) 
(50) 



This implies that F[-\ is differentiable with derivative —X p /t - 

(b) The differentiability of % iPa9 [-] follows from the fact it can be written as a 
composition of the F-differentiable mapping v mPtR)q [-], defined below, and F[-]. For 

w = (wi,...,w L ) G (W*) L and G = (G ,...,G L ) G (W* ) i+1 define the multilinear ex- 
pression 

v^ m \w,G\{r,K^M)) : = (51) 

(n, G (H f + p{r + r )) fti {^™N(p(^ + n), p^/ m,,n,) )G,(^/ + p(r + r,))} ft) . 
It satisfies the inequality 

||^m,p,n, 9 [w,G]|| # (52) 



j L L \ £ II / \ 

< (nii G 'ii-+En^'iioo n n^iu n- 

=0 Z'=0 l=0,tyl' / 1=1 



mi+Pi,ni+qi I 



# 



To obtain ( 152]) we use ( 134")) and Lemma |26j and calculate the derivative with respect to 
r using Leibniz' rule. From ( 152]) it follows that Vm, P ,n,q[-} is continuous, and hence by 
multilinearity 5m,p,n,g["] is i n f ac t differentiable. □ 



28 



Next we show that the defining sequence of w(s), see fl36|) and (1371) . converges uniformly 
on open sets which constitute a covering of S. To this end choose s £ S and define the 
set 

U = {we B*(p/8,p/2,p/8)\\\w-w(s )\\* < e} 

where we set 

_ p /7-|Hso)>illf 
6 ' 16e 4 

The explicit choice of e is needed for the estimate (I55p . below. Note that by continuity 
there exists, So, an open subset of S containing sq, such that w(So) C Uq. For w G Uq, 
we have 



w 



l# 



m.rt 



< £ m , n := ||w(s ) m ,„|| # + e m+n e- 



By Lemma 



™p s&s jv mm [w(s)}\\* < c L t-™f[ E y^« , (53) 

where we used the notation introduced in that lemma. To establish the uniform conver- 
gence on So of the series defining w(s) it suffices, in view of ( 136]) and (|37|) . to show that 
the following expression is bounded 

M+7V>0 L=l (m,p,n i ,)eNf i=l L V W 7 V ™ 7 J 

|m|=M,|n|=W 
mj+pi+nj+gi>l 

(54) 



# 



< - m-p-n-q ^m+p,n+q 

s/vW- 



L=l 

where we used Eq. (I53"j) and the definition 

G: = £ ( m + P \( n + q y+«{l/2T^ 

m+p+n+q>\ V " / \ Q / 

Below we will show that 

G < \\w(s )>i\\f + el6e 4 < p/7. (55) 

Inequalities (J55]l imply the convergence of (J51j) , since t _1 (jr < t~ 1 p/7 < 1. The second 
inequality in (155"]) follows from the definition of e. To show the first inequality of (155]) . we 
will use the following estimate 

£ ( m+P W/2) m ^< £ ( m + P )(l/4Hl/2re^=4e^<4e 2 , (56) 

m+p>0 VP/ VP- m + p >0 VP/ 
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where in the first inequality we used the trivial estimate (16£ 2 ) p /p! < e 16 ^ . To show the 
first inequality in ( )55|) . we insert the definition of E m ^ n into the definition of G. This yields 
two terms, which we have to estimate. The first term, involving w myn (so), is estimated 
using the binomial formula and the second term, involving e, is estimated using (I56p . 



It remains to show the statement regarding c-continuity. By Lemma 1371 shown next, 
the map s (-)■ Vm )P&q [w(s)] is continuous with respect to || ■ 1 1 s - By fl36l) and fl37j) this will 

imply that the function s i— > w(s) M N is given as a series involving expressions which are 

continuous with respect to || • H2. The c-continuity of s \-> w(s) will follow provided we 
show that this series converges uniformly in s G S with respect to the || • || 2 norm. In fact 
we will first show uniform convergence with respect to || • ||*. In view of (1261) this will 
imply the uniform convergence with respect to the || • || 2 norm. 



Lemma 37. Let w : S i-> W* be c- continuous, and let w(S) C B^(p/8, p/2, p/8). Then 
for all So G S 



lim 

s£S,s->s 



[w(s )} - v mtP&q [w(s)} 



0. 



(57) 



Proof. The kernel Vrn, P ,n, q is a multilinear expression of integral kernels. To show continuity 
we use the following identity 



A^s) ■ ■ ■ A n (s) - Ai(s ) ■ ■ ■ A n (s ) 

n 

= Ms) ■ ■ ■ A i _ 1 (s)(Ai(s) - A i (s ))A i+ i(s ) • • • Mso)- 



(5f 



i=i 



Now (JoT|) follows using estimate fl34j) . the following inequality, which is shown similarly 
as the estimate in Lemma [TBI 



I J^(m,n) 12 
l AV ; l re [0,1] 



sup ||W m '>](r,K 



"m;i p 



< ||u> 



(59) 



inequality (l26jl . and the limits 



|w(so)m,n _ W{s)m,n\\ 2 S ^ 0, 



sup 



which follow by assumption. 



X 2 i(r) 



w(so)o,oO) w(s)o i0 (r) 



□ 



It remains to show that the defining series of w(s) MN converges uniformly in s G S. 
In view of (|36j) and (1371) this will be established if we can show that (16"T|) and f|64|) are 
finite. To this end, first observe that it follows that for all m + n > 1 



sup \\w{s) m>n 



\* <r +n ^ v \\{w{ S ) m , n ) 

s&S 



||# 

m+n>l ||^ 



(60) 
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Inserting (|39|) and the above estimate into the following expression, for M + iV > 1, we 
find 

EE E n{( m '| P 0( n ^ g 0l suPse5l|i; -'^ [w 

L=l (rn,n)eNl L : (p^eNj^ 1=1 ^ X FL 7 V Hl J ' 
\m\=M,\n\=N m,+p,+n ; +q ; >l 
oo 

< Y^^Z^lpU+If-l^-L J- 

\m\=M,\n\=N 

n{E'( m 'r')C ! T') r ' + ™ + "' + 1 

=: F, (61) 

where Yl' Pl qi denotes the sum over all (pi, qi) E Nq such that mi + pi + ni + qi > 1. If 
mi 7^ or rii ^ we estimate using (™) < 2 n 

/V +pA hn + g/V mi+P;+ni+9; < ^y mi+ni J2(20 Pl E( 2 9i < 4, (62) 

vun \ Pl y \ qi y Pl > qi >o 

where we used that < £ < 1/4. If both mi = and ni = then either > 1 or <^ > 1 
and we estimate 

j^f m i+Pi\ f n i + qi\^ mi+ p l+ni + qi < < I < i ; (63) 

where in the second last inequality we used again < £ < 1/4. Inserting these estimates 
into F and using that there are at most (M + l)(iV + l) factors for which mi ^ or ni 
we find 

F < p M+N-\ C' i t 1 -- L 4 (M+1)(7V+1) ^ 

L=l (m,n)eNg L : 

Now the estimates 

1 < (L + 1) M+N 

{m,n)enl L : 
\m\=M,\n\=N 

and t~ 1 p/8 < 1 imply F < oo. Now we consider (1371) . Using (139|) and (!60|) we find 

oo oo f ^ ^ 

E E {^P^iim^^^rJ^E^ 1 E^f ■ ( 64 ) 

This converges since ^p +g>1 ^ p+9 < 7/9 — 1 an d < 1- 
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9 Codimension-1 Contract ivity 

In this section we prove that the renormalization transformation is in certain directions a 
contraction in Wg. We recall Definition [25] and the definition introduced in Theorem 1321 
In contrast to pQ , the contraction originates from the fact the we restrict the renormaliza- 
tion transformation to integral kernels for which the sum of the number of creation and 
annihilation operators is even, rather than an infrared condition. 

Theorem 38. For any positive numbers po < 1/2 ond £ < 1/2 there exist numbers 
p, £, e satisfying p G (0, p ], £ G (0, £ ], an d < e < p/8 such that the following property 
holds, 

1l p :B (e,5 1 ,6 2 )^B (e + 6 2 /2,5 2 /2,6 2 /2) , V e, 6 1> 5 2 G [0, e ). (65) 

In fact we will prove the following remark which is a slightly stronger statement than 
Theorem [381 

Remark 39. Define the constant Cq := 3 + 2||<9 r Xi||oo- The contraction property ( 165]) 
holds whenever < p < j^, < £ < [p/(2Ce)] 1 ^ 4: , and < eo < ^. 

Proof. We will prove Remark [321 Theorem [23 will then follow. First observe that if 
w G B (e,d~i,d~ 2 ), then (lZ p w) mtn = 0, if m + n is odd. Since C# > 1, we can assume 
that £ < 1/2 and p < 1/2. To show the contraction property, we will use the following 
estimate for w G B*(p/8, p/2, p/8) 



which follows directly from Lemma I3T)1 We shall use the notation z = E p [w] x (£) where 
C ^ T)i/2, see Lemma [2T1 

Step 1: We have 




(66) 



\\(n p w)> 2 \\z < -||w> 2 ||{. 



By the definition of wm,n, (]36l) . we find for M + N > 2, 




# 




L=l 



oo 



|m|=M,|n|=Af,m,+ P! +n,+ gi >l 
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Inserting this below and using the Estimate (1661) we find with r := 16/p, 



l# 



\\({TZ p w)(C))m+n>2\^ 

= £ r (M+A °ii^ 

Af+7V>2 



M,N\ 



\* 



<E £ ^ (2P) H+I -' (20^ (H+l - l) C e r L - 1 



L=1 (ni.P^.^eN^: 

|?2l| + \n\ > 2,m; +p; +n; +<ji >1 
L 

X 



n 



1=1 



m l + Pl\ f n l + Ql\ Ww^m+Puni+qiW* 
Pi / V ffl / V®9^ 



< 



16 



1=1 

a 
4 



WE- L E 

^=1 (m,p,n,ij)eNg 1 ': 
m; +P!+n;+g ; >l 

m l +Pl\ ( n l + Ql\ ^ pi+qt ^-( mt +ni)^-(mi+pi+ni+qi)^ w ^ z ^ ^ n +q \\* 



Pi 



Qi 



L=l 



T 



E 

.m+p+n+q>l 



m + p\ (71 + q \ ^ +?2 _ (m+n) (m+p+n+9) . 



p 



„ 00 

s^E- 1 



< 



L=l 

00 



Q 

-I L 



\Z)m+p,n+q 



\# 



.i+/c>i 



p 2 E- l (injury 



L=l 



<8C e p|| W (^)> 2 ||f,, 

where in the third last inequality we used the binomial formula, (|46p . and we used 
r||w>2||^ < 1/2 in the last inequality. 

Step 2: 



sup \\d r {Tlpw){C,)op - l||oo < sup \\d r w(z) ,o 



loo + ^H^ilk- 
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Using the definition of wo,o, (13"?]) . and we find, 



\d r (n p w)(C) 0fi - l||oo < \\d r w(z) 0fi - 1 

< \\d r w(z) 0>0 - 1 

< \\d r w(z) 0fi - 1 

< \\d r w(z) 0fi - 1 

< \\d r w(z) 0>0 - 1 



!# 



i=2(p,£)eNg L : 

Pz+?i>l 



-'E^ 1 - 1 e n 



l# 



L=2 



L=2 



1 L 



yj r <p+ " ) ii'»>(j) P , 

Lp+<?>2 



l# 



L=2 



# 



where in the last estimate we used r||u>>i||g < 1/2. 
Step 3: 



1 



sup |(ft,uO(Oo,o(0) + CI < dk> 



(67) 



We estimate 



k^)(c)o,o(o) + ci < p- 1 E He.o>(*) 



i=2 (p^eNjp: 
Pi +<?;>! 



< — e r|K^)>i|IF 
where in the last step we used an estimate from Step 2. 



□ 



10 Construction of Eigenvectors and Eigenvalues 

In this section we show how the contraction property of Theorem [38] and the Feshbach 
property allows us to recover the eigenvectors and eigenvalues of the initial operator. The 
main theorems of this section are Theorems H2] and S31 Theorem H2], apart from the last 
sentence, is from [lj. We follow the proof given there, and isolate a few estimates which 
will be needed to prove the analyticity and continuity results of Theorem HJ The last 
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sentence in Theorem H2J has been shown in [12] but in a different way, due to the different 
representation of the spectral parameter in [T2] . 

Throughout this section we assume the following hypothesis. 

(R) Let p, £, eo be positive numbers such that the contraction property ( 1651) holds and 
P < 1/4, f < 1/4 and e < p/8. 

We note that many statements only require < p < 1/2 and < £ < 1/2. But we will 
need 0<p<l/4in Lemma HOI below, and we will need < £ < 1/4 for the statement 
about c-continuity in Theorem 1331 Hypothesis (R) allows us to iterate the renormalization 
transformation as follows, 

^(^o, 2 e 0> 2 C °) ~~ ^ ^°^2 + 4^°' 4 C °' _ ^ ' ' ' — ^ ^o(S™ =1 ^-e , — e , ^eo). 
For u> G i3o(eo/2, eo/2, eo/2) and n G No, we define 

:= TZ n p (w) G i3 (e , 2-"- 1 e , 2~"- 1 e ) . (68) 

We introduce the definitions 

E n>p [w](z) := E p [w^]{z) = -p- l (n,H(w^ n \z))n) 
U n [w] := U[w^} = {ze D 1/2 \\E n (z)\ < p/2}. 

By Lemma |2~T1 the map 

J n [w) := E njP [w] : C/ n [w] -)■ Z?i/ 2 , 2 H> K.pMO*) 
is an analytic bijection and J n [w] _1 : Di/ 2 — > U n [w) C -Di/2- For < n < m, we define 

Lemma 1401 stated below immediately implies that the limit e( nj00 )[w] := limm^oo e( n;m )[w] 
exists for all n G N . 

Lemma 40. Assume (R) and let w G i3o(e /2, eo/2, eo/2). Then 

(4 \ m ~ n 
T/ ' ^ 

Proof. For notational simplicity we drop the w dependence in the proof. By Lemma [5TJ 

\pd z J n (z) -1\<1/A , VzeU n . (70) 
This implies by the inverse function theorem that 

1^(01 <f , VCG,D 1/2 . (71) 
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An iterated application of ATI]) , the convexity of -D1/2, and the chain rule yields 

\e {n ,m) ~ e (n ,m+fc)| = | J~ 1 ° ' • • ° 7^(0) - J" 1 O • ■ • O J-^Jm+l O • • • O J^(0))\ 

□ 

Next we introduce some notation. Let 

H n [w\ := H(w {n) (e (ni00) M)) 
T n [w] := w { ${e {n>oo) [w]){H f ) 
Q n [w] := Q Xp (H n [w],T n [w]) 

For ?!,m6No with n < m we define vectors ip( n ,m) [w] £ "H re d by setting ijj{n,n) [ w ] — & an d 

V>(n,m)M = <5nMr*Qn+lMr* • • -Qm^wfl. 

Lemma HO] stated below immediately implies that this sequence converges as m — » oo, 
i.e., the limit 

VWo)M := lim V(n,m)M (72) 

m— >oo 

exists for all n £ No . 

Lemma 41. Assume (R) and let w £ i3o( e o/2, eo/2, eo/2). T/ien 

||VWn+i)M -VW»)MU < 2™ m ^exp[2-"32e p- 1 ] . (73) 
Proof. For notational compactness we drop the w dependence in the proof. Note that 

where we used T* p x P Q = £1. Next we set W n := H n — T n and estimate Q n — Xp, 

\\Qn ~Xp\\ < IIXp( T n + XpWnX^XpWnXpW 

< (p/8- HW^II)- 1 ||W n || 

< i^°2-» , (75) 

where in the second inequality we used that |T„(r)| > p/8 if r £ [|p, 1], see ( 13TT) and in 
the last inequality we used ||W n || < 2~™~ 1 eo < p/16, see ff24|) . Eq. (!75|) implies 

||Q„||<l + ^2- n . 
P 
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Using this and (175]) to estimate the difference (173]) . we find 

„ m— 1 

||Vv,m+i) " ^(n,m) II < 2~ m ^ Y[[l + 2- j l6e /p] . (76) 

P j=n 

The estimate of the lemma follows from n^Lo(l + ^i) — ex PEjlo -\?]' wm ch holds for 
> 0. ' □ 

We are now ready to state the main theorem of this section. 

Theorem 42. Assume Hypothesis (R). Let w G i3o(eo/2, eo/2, eo/2). Then the complex 
number e( 0)O o)M £ -D1/2 defined in (169]) is an eigenvalue of H{w), in the sense that 

dimker{#(w(e ( o,oo))M)} > 1 • 

Moreover, the vector ^(0,00) M defined in ( [72]) a corresponding eigenvector, i.e., is a 
non-zero element ofkei{H(w(e^o :00 )[w})}. ^ e ^ a,ue ^ e bound ||^(o,oo)[H II < 4e 4 . If w is 
symmetric and —l/2<z< e(o i0 o)M? then H(w(z)) is bounded invertible. 

Proof. For compactness we suppress the w dependence in the proof. We show that ^(0,00) 
is a nonzero vector, which is in the kernel of if (u>(e(o )0 o))- By ([73]) we have the norm 
estimate 

32e 

I^Koo) - ^11 = ||V>(n,oo) - ^(n,n) II < 2 ~"^ expp-^eop" 1 ] , (77) 

This implies that ip( m ,oo) provided no is sufficiently large. Next we show that ^(n.oo) 
is in the kernel of H n . To this end, we shall iterate the following identity 

H n -iQ n -iT* p = pT*xi(Hf)H n , 

which is a consequence of identities involving the Feshbach operator. For n < m, 

H n ^(n, m ) '■= (H n Q n T* p ){Q n+l T* p ■ ■ ■ Q m -ifi) 

= pF* p Xi(H n+ iQ n+ iT*)(Q n+2 T* ■ ■ ■ Q m _iO) 



= p m ~ n (T; Xl r- n H m n . (78) 

Since H n is a bounded operator on K re d the left hand side converges to H n ip( ntOC ) as 
m — > 00. Also the right hand side converges to as m — > 00, since by (168]) 

||if m f2|| < const. 

and there is an overall factor p m ~ n . Thus taking the limit as m tends to infinity in ( 178]) 
yields for all n G No 
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In particular we have shown, H no ip( n0j00 ) = and ip( no ,oo) 7^ 0. A repeated application of 
the Feshbach property implies that ^(0,00) 7^ and #0^(0,00) = 0. The bound on ^(0,00) 
follows from Lemma ST] and eo < p/8. 

Now we show the statement about symmetric kernels w. Thus let w be symmetric. 
Then all w( n > are also symmetric, by Theorem[32J Let — | < ( < — j^P- Then we estimate, 

wtihE n (():=-{n,H(w( n \0)to), 

= (ip, (T[w^(C)} + MO - C + C - E n (() + W[w^\C)}) <p) 

> ( v , (T[w^(0) + E n (cM - CIMI 2 - IC - E n (0\y\\ 2 - \(<p, w[w^(OM\ 

> (l-L-L\py\\* = L p y\\*, 

- V 16 16 16 / 16 nmi ' 

where the first term in the second line is non-negative since ||9 r w;go — 1|| < 1/2 and 
is symmetric, and the last term in the second line is estimated using f l24l) . Applying 
Theorem [TOl iteratively. we find that H{w(z)) is bounded invertible if z G K n {{—\, —j$p\), 
where we have set K n := Jq 1 o • • • o J~_ x if n > 1 and K := id. It follows that H(w(z)) 
is bounded invertible if 

N / 1 1 \ 
^^:=U«»((-2'-i6^)' 

n=0 ^ ' 

for some iVeN. Below we will show that 

InD(~K n (-^ P )\. (79) 

In view of estimate f lTTj) and the definition of e( 0)OO ) we have lim7v-s.oo K N (— j^p) = e(o )0 o)- 
Thus (1791) will imply that H{w(z)) is bounded invertible for all z G (— |, e( 0jO o))- To 
show f J79|) we first note that J" 1 : £>i/ 2 — > U n is bijective, differentiable, maps real 
numbers to real numbers, since w^ 1 ' is symmetric, and is increasing because of f l7U|) . 
Note that by (JTTJ) J~ x extends continuously to the boundary of -Di/2- It follows that 
U n n R = (J- 1 (-l/2), J-^l^)). Since £>3 p C U n C A/2 (see Lemma EJJ we conclude 
that 

-i < /„-(-i/2) < 

This implies that for any b G (—1/2, 1/2), we have 

Iterating this relation one easily shows f[T9"j) . □ 

The next theorem states in what sense analytic kernels lead to analytic eigenvalues 
and eigenvectors. It also relates c-continuous kernels to continuous eigenvalues and eigen- 
vectors. 
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Theorem 43. Assume Hypothesis (R). Let S be an open subset of C u (a topological 
space). Suppose 

w(; ■): Sx D 1/2 -> W* 
(s, z) i — y w(s, z) 

is an analytic (a c- continuous) function such that w(s)(-) := w(s, •) is in £> (e /2, e /2, e /2) 
Then s (-> e(o t00 )[w(s)] and s (-)■ ip(o,oo)[w(s)] are analytic (continuous) functions. 

Proof. From Theorems 1381 and 1331 it follows that all integral kernels (s, z) i— > w^ n \s, z) are 
analytic (c-continuous). In particular (s,z) !->■ -E p [u/ n )(s)](z) is analytic (continuous). It 
follows that the mapping (s,z) !->■ Ey,[iu( n )(s)]~ 1 (;2) on 5 x Dx/ 2 is analytic (continuous), 
which can be seen from Lemma I2T1 and identity fj47|) . Now it follows from the definition 
that e(„ im ) [w (s)} is an analytic (continuous) function of s. By Lemma HQ] the limits of 
e (n,m)[ w ( s )] as m tends to infinity are uniform in s. Thus s (-)■ ef n>00 \[w(s)] is analytic 
(continuous). It follows that H n [w(s)],T n [w(s)} depend analytically on s by the inequal- 
ity ( 123|) (continuously on s by Lemma |20|) . This implies that Q n [w(s)} is an analytic 
(continuous) function of s. By definition now also ^(n.m^u^s)] is an analytic (continuous) 
function of s. Since by Lemma I4T1 the limit of ^(n.m) as m tends to infinity is uniform 

in s, it follows that ip(o,oo)[w(s)] is also an analytic (continuous) function of s. □ 

11 Initial Feshbach Transformations 

We perform two initial Feshbach transformations before we start the renormalization 
procedure. The main theorem of this section is Theorem HB1 Throughout this section we 
will assume that Hypothesis (H) holds. First we set 

X W = p x ® 1 , x {1) = Pi ® 1 

where 

Pl = ( o i ) ' P2 = ( o o ) • 

We do not choose to include a boson momentum cutoff in since the associated 

Feshbach map would otherwise contain terms which are linear in creation and annihilation 
operators. 

Theorem 44. (H\ a — z, Hj + r — z) is a Feshbach pair for provided \z\ < 2. 

Proof. We will identify the ranges of Pi and P 2 with J 7 . If is sufficient to verify the 
assumptions of Lemma [TT1 These are easily verified noting that: (Hf + r — ^)| Ran ^(-?) = 
Hf + 2 — z is invertible if \z\ < 2, P2C x (j)(f a )P2 = 0, and by elementary estimates given in 
Appendix A we have that (Hf + 2 — z)~ 1 (p(f a ) is bounded if \z\ < 2 □ 
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By Theorem HH the following definition makes sense for \z\ < 2 

hW(z) := F xiI) (H Xta , H f + r-z)\ Ran X (/) = H f - z - \ 2 <P(U)(H f + 2 - z)"V(/.), 

where we identified the range of x with the Fock space. Next we use the pull-through 
formula, Lemma (I52p . to express in terms of integral kernels. To this end we introduce 
the notation 



" a *(k^)w m , n (H f ,K^)aCk {n) ) . 



,+„ \KM |V2 

Definition flHDl is understood in the sense of forms. We have 



JO) 



with TQ{z) = H 0i0 (w%>(\,a,z)) and WMz) := £ m+n=2 ^ m ,n(^ w (A, a,*)) where 



K-0 



t( 7 )(A, a, *)(r) := 10$ (A, a, *)(r) := r - z - A 2 
and = {wm,n) sym , with 



d 3 k 



(ATr) 2 u(k)r+ \k\ +2- z 



Wol(X,cr,z)(r,k 1 ,k2) := -A' 



r + | fci| + 2 - z 



Wi}(X,a,z)(r, h^i) := -X 2 f a {ki) 



+ 



r + 2-z 7 ._|_|jy_|_ljfc 1 |_|_2-;s 



By «)W we denote the tuple consisting of the 4 components Wm] n with m + n = 0, 2. We 
will now apply the Feshbach transformation one more time. The next theorem states that 
for sufficiently small values of the coupling constant {H^ a , T^l) is a Feshbach pair for xi- 
To formulate the theorem we introduce the following constant 

fjLo := (8max(||//(47rv^)||, ||//(4irw) ||)) _1 . 

Theorem 45. Let |A| < fio, o" > ; and \z\ < 1/2. Then the pair of operators (H^(z),T^(z)) 
is a Feshbach pair for xi and on -D1/2 we have 

Proof. Let <5 := max (||//(47r-\/^)ll) ll/A^ 71 " 1 ^)!!)- First we show that on Dy 2 we have 



W?2ll < \X\ 2 75l 



(82) 
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To this end note that 

d 3 k \f a (k)f 



W$(z) = -X 2 Hf,)(H f + 2 - z)-^{f a ) + A 2 J 
For \z\ < 1/2, this yields the estimate 



{4Tr) 2 uj{k)H f + \k\ + 2-z' 



\\W$\\ < lAni^^^ + ^-^IIIK^ + ^-V^II + IAni/A^v^)!! 2 . (83) 



Now using elementary estimates collected in Lemma loTl to estimate the first term in 
one obtains (182|) . Next observe that T^' a commutes with xi an d Xi- From the following 
estimate it follows that T^l is bounded invertible on the range of Xv F° r r > 3/4, 

|t (/) (A, a, z)(r)\ > 3/4 - 1/2 - |A| 2 / - ^— > 15/64 . 



(4tt) 2 o;(A;) |fc| + 1 

This and (1821) imply (I8ip , In view of Lemma HI] it follows that (H^tQ) is a Feshbach 
pair for Xi- D 

Let |A| < /io and |z| < 1/2. Then by Theorem (14 5 j) the second Feshbach map, 

is well defined and we are allowed to expand the operator H^l(z) in a Neumann series. 
We obtain on "H re d 

oo 
n=0 

where we dropped the A, a, z dependence and assumed that z G Dy 2 . Again we normal 
order the above expression, using the pull-through formula. To this end we use the identity 
of Theorem [23 which also holds for the integral kernels considered here since its proof is 
based on algebraic identities. This yields a sequence of integral kernels w^°>, which are 
given as follows. For M + N > 1, 



m^ K (\^z){r,K(»^) (84) 

£ LI { + *) t *) } V^WW,*, »)](r, 



\m\=M,\n\=N, 
nii+pi+qi+ni=2 

Furthermore, 



~(o) 



L = 2 (p,q)£N% L :pi+qi=2 
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where we have used the definition 



V mm M(r, K(N-N)) := / n, F (H f + r) J] {W%™[w](r + n, K^^F^Hf + r + r,)} 

\ «=i 

with F [u>](r) := Xi(r), Fi[iu](r) := Xi( r )> an d f° r I = 1? •••)•£ — 1 we set 

F t [w](r) :=F[w](r) := 2^1. 

Here, we used the definition 

W£ n M(r,JT (m ' B >] (86) 
| X ( P , g )|i/2 ^^ (P V m+P ,n +g (g/ + r i ^ m \x^,fc("),^))a(^)). 

Recall also the notation introduced in Theorem [271 Since we want to consider symmetric 
kernels we set := (^°)) (sym) . We are now ready to state the main theorem of this 
section. 

Theorem 46. Let < £ < 1 and 81,82,83 > 0. T/ien there exists a positive Ao < /io suc/j 
t/iai /or a// A G -£>a a > we have 

it/ ) (A, cr, •) G B (8x, 82, 8 2 ) (87) 
H^(z) = H(w^(X,a,z)), \/zeD 1/2 . (88) 

Moreover the following is true. 

(i) For a > 0, the map (X,z) h-> it/°)(A, cr, z) is a -valued analytic function on 
B\ x D 1/2 . 

(ii) For each A G B\ , the map (cr,z) h> it/°)(A, cr, 2;) G W* is a c-continuous function 
on [0, 00) x D1/2. 



(Hi) For real A G -Ba an d o~ > 0, the kernel w^°'(X, cr) is symmet 



ric. 



The remaining part of this section is devoted to the proof of Theorem H6j Let us 
first outline the proof. From the previous discussion we know that once flHTj) has been 
established then ( 188)) will follow. Thus first we will show ( 187)) . The fact that the number 
of creation and annihilation operators of it/ -* is even, follows directly from the definition. 
Showing ( 187)) also requires an estimate of the kernel. To this end we use an estimate on 
Vm,p,n,q[w^\ which is given in Lemma ATI below. Using that estimate for V mp&q \w ^'\, 
we will then obtain estimates f )94|) . (!95|) . and ( 196|) . which imply (187)) . Those estimates 
establish uniform convergence which will then be used to show (i) and (ii) using the 
corresponding statement for Vm, P ,n,q[w^\. (iii) follows from the definition and ( 125)) . 

First we show the following Lemma. 
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Lemma 47. Let \z\ < 1/2, |A| < fiQ, and a > 0. T/ien 



IK 



m,p,n,q 



wW(\,a,z)}\\* <{L + l)C L p +1 C w (\) L . 



l# 



F 



i9) 



where 



C W (X) 



10||9 r xilloo + 31, 

A| 2 6(||//c|| 2 



sup 



ll/MD^II/ll! 



m+n 

oo 



Lemma H3 will essentially follow from Lemma HB] shown below. To this end we 
introduce the following norms. Again we will use the canonical identification of the 
space L°°(M 3m+3n ; C[0, oo)) with a subset of L°°([0, oo) x M 3m+3n ). For functions w m>n G 
L°°(R 3m+3n ; C[0, oo)) and any (s,p, t, q) with m = s + p and n = t + q we define the norm 



\ w \t, P ,t,g ■= esssup 

(it( s ),fc( t ))eR 3s + 3 * 



|X(P'9)| 2 



x sup 

r>0 



w m , n (r, A; (s) , A; (i) , x {q) ) (r + S[x (p) ]) p (r + £[£ (<?) ]) f - 
Using Lemma [56] in Appendix A, we see that 



1/2 



ll<>](^ (m ' n) )llop 

and if w m ,n G L°°(£f +n ; C^O, oo)) we have 



< \\w. 



m+p,n+q\\m,p,n,q 



op ^ II ^r^Wfp,n4-g 1 1 m,p,n,g' 



(90) 



(91) 



where the partial derivative d r W p ^\w\ is understood with respect to the weak operator 
topology. 

Lemma 48. Let \z\ < 1/2 and o > 0. T/ien i/je following statements are true. 

(a) Ifm + n + p + q = 2 and s = 0, 1, then we have 

ll^^"[^«(A, CT , ^)](r,iT^))|| op < |A[ 2 6(||//o;|| 2 + 2||/||||//a;||)^||/||-+". 

(b) Let |A| < /Uo- T/ien 

||(9 P F[«;«(A,a,z)])(fr / + r)|| + ||F[«;W(A,a^)](fr / + r)|| < lOH^xJoo+31. (92) 

Proof, (a). In view of inequalities ( 190]) and (I9~T]) we need to estimate the following, where 
we use the abbreviation f(x^) = f(x{) ■ ■ ■ f(x p ), 



I m+p,n+q 



< |A| 2 ||/||^4 



(A, cr, z) || m! p )n) g 



\X^\ 



sup l/(xW)|2 l{ ( ^ 9))|2 (r + £[o»]) p (r + E[5^])« 



r>0 



| r _|_ l|2+s 



< IAP4 



m+n 
oo 



E P (f)E q (f), 



(93) 
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where 

r ri T (p) 

Ep{f):= / ^ll/(^ (p) )| 2 (l + S[xW]r. 

JRP \X^\ 

we have E Q (f) = 1 and for p = 1,2 it is an elementary estimate to obtain E p (f) < 
3(||//u;|| 2 + 2||/||||//u;||)* 

(b). We have using Lemma [ 



\\F[wW(\,a,z)}{H f + r)\\ < [inf r > 3 /4* (/) (A, z)(r)] 1 < 64/15. 
Similarly we estimate the derivative. First we have 



=, m . 2x 1 d r x l 
d r F[w w ] = —7J-, 



m (t«) 2 ' 

Now 



r t {A,a,z){r) l + A J {A7c) 2 u{knr+lkl+2 _ z y 

This yields the estimate \d r t^\X, a, z) (r)| < 1 + |A| 2 ||//(47r v ^J) || 2 < 1 + 1/64. Thus we 
find using again Lemma |4"5| \\d r F(Hf + r)\\ < 10||9 r x 1 || oo + 26, and hence (b) follows. □ 

Proof of Lemma First observe that V?n,p,n,q[ w ] satisfies the property (i) of the 

definition of Wi*. i n i. To estimate the norm ||Kzi,p,n,g[w^]||^ we use (El]), the estimates of 
Lemma HSJ and we calculate the derivative with respect to r using Leibniz rule. □ 

Using Lemma H7] we are now ready to show (IH71) . To this end we let Sj^ N denote the 
set of tuples (rn,p,n,q) G Nq L with \m\ = M, \n\ = N, and mi + pi + qi + rii = 2. We 
estimate the combinatorial factor in ( 1841) by 2 L and obtain for z G D 1 / 2 

\\w^(X,a,z)\\*= E C {M+N) \\wmA\*,z)\\* 

M+N>1 

oo 

< EE E c iM+ *nv^[wU{x,<r,z)\\\* 



M+N>1 L=l (m,p,n,q)eS^ N 
oo 



<E E E r ]mHnl (L+i)c P [2c w (x)c P ] 



L=l M+N>1 (rn,p,n,q)eS 



M.N 



< J^iL + l)10 L r 2L ^F [2C W (X)C P ] L , (94) 



L=l 



where we used (189]) in the first inequality, and in the second inequality we used \m\ + \n\ < 
2L and that the number of elements (to, p, n, q) G Nq with rrii+ni+pi + qi = 2 is bounded 
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by 10 L . A similar but simpler estimate, yields 

oo 

\\d r w$(\,a,z) - 1|| < \\d r t^(X,a,z) - 1|| + ^ ^ ||Fo,p,o,^ (/) (A, <r,z)) \\# 

L=2 ( m )£N% L : Pl + qi =2 
oo 

< |A| 2 ||//(47r v ^)|| 2 + ^3 i (L + l)^[C w (A)^] L . (95) 

L=2 

Analogously we have 

oo 

\\w$(A,a,z)(0)-z\\ < \\ t W(\,a,z)(0)-z\\ + J2 E ll^,o,J^ (/) (A, <r,z)] || # 

L=2 (p,q)enl L : Pl + qi =2 

oo 

< |A| 2 ||//(47r v ^)|| 2 + E3 i (^ + l)^[C^(A)^] L . (96) 

L=2 

In view of the definition of CV(A) the right hand side in (j9~4"|) - fl9~6]) can be made arbitrarily 
small for sufficiently small |A|. It now remains to show (i) and (ii) of Theorem |4"61 

Part (i) follows from the convergence established in estimates (I9~4"|) - fl9"6"|) . which is 
uniform in (A, z) G B\ x -D1/2 for some ball B\ of nonzero radius, and the following 
lemma. 

Lemma 49. For (m,p,n, q) G Nq L and a > 0, the function 

(X,z)^V m , E&q [w^(X,a,z)) (97) 

is an analytic W| m i ^-valued function on B w x Dis- 
proof. The idea of the proof is to show that (19?]) is a composition of an analytic map 
with an F-differentiable mapping between suitable Banach spaces. The lemma will follow 
from Steps 1 and 2, below. First we introduce the following Banach spaces. Let 

W* ■= {w G C^ocOHMI* := Hloo +||0 r H|oo} • 

Let W mn be the Banach space consisting of functions u> m ,n G L°°(R 3m+3n ; C^O, 00)) 
satisfying the following properties: 

f \ _ ( s y m ) 

[H) W mn — W m ,n , 

(b) the following norm is finite 

\\w mt n\\* ■= SUp ||w TOi „||g iPit>9 + SUp ll^m^ll^g" 
s+p=m s+p=m 
t+q=n t+q=n 
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Hence for almost all K^ 1 ^ G ]R 3m+3n we have w m , n {; K (m ' n) ) G G^O.oo), where the 
derivative is denoted by d T w m ^ n . Furthermore we introduce the Banach space W := 
W* © W* 2 © W* © Wj x with norm ||w|| := E m+ „=o,2 ll™m,J # - 

Step 1: Let e > 0. Then the map on 0^ e > := {w G W |inf r> 3 |w ,o( r )| > e } 



is F-differentiable. 



Step 1 is shown by writing as a composition of the F-differentiable maps 

defined in (198]) and fllOOp . Let w = (wi,...,Wl) with u>/ G W n ,, m , and G = (Gi, Gl) 
with G; G Wo,o- Then the expression 

V mm , g \w,G](r,K^^) := (98) 

(n, G (r + r ) nf =1 {W££> { ](r + n, ^'"^(r + r*)} fl) , 

satisfies the property (a) of the definition of W* n if Go and Gl have support contained 
in [0, 1). Moreover one easily shows the bound 

L L 

ii^w^,G]ii#<n{ii^ii # }n{ii^ii # } (") 

1=0 1=1 

calculating the derivative d r V mP)Xl; q[w,G\ using Leibniz' rule and estimating the resulting 
expression using inequality ( 134]) and estimates ( 190]) and ( l9il . To show Step 1 it remains 
to observe that the map on Oq := {t G VV 1 inf r> 3 |u> ,o( r )| > e} 



t 

is F-differentiable. Now this is proved essentially the same way as the first part of Lemma 



F[] : <5$ — ► W # , (100) 



Step 2: The function (A, z) i-> u>^(A, cr, z) is an analytic W -valued function on x 

Let (A, z) G -B Mo x I?i/2- First observe that w^'(X,a, z) G W , which follows from 
inequalities (1921) and (193]) . Analyticity in A is trivial since w^ 1 ' is a polynomial of second 

degree in A, with coefficients which are elements of W , which again follows from inequal- 
ity [93] and estimates used to show ( 192]) . To show analyticity in z we show the following 
estimate for A G B Xo and z, z + h G -D1/2, 

|| (w (J) (A,<7,z + /i) -w (/) (A,o-,^)) -d z w {I) (X,a,z)\f = o(l), fc-K). (101) 
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First we need to show that d z w^'(\, a, z) G W .To show this, consider the denominator 
occurring in in the expressions for Wm >n , 

Q(r,a,z) :-- 



1 



r + 2 + a — z' 



where a stands for 0, |fci|, \ki\ or \ki\ + \k\\. Now \d^d z Q{r,a,z)\ < \Q(r,a,z)\ for r > 0, 
-2 G -Di/2? and s = 0, 1. Thus <9 z -u/ 7 )(A, a,z) G W follows from the corresponding estimate 
for To show f llOip it suffices to consider the difference quotients of the denominators 

Q(r,a,z), 

(Q(r, a, z + h) — Q(r, a, z)) — d z Q(r, a, z) = hP(r, a, z, h), (102) 



h 



with 



P(r, a, z, h) :- 



(103) 



(r + 2 + a + z) 2 (r + 2 + a - z + h)' 

If h is sufficiently small than \d^P(r, a, z, h)\ < 2\Q(r,a, z)\ for r > 0, z G -D1/2, and 
s = 0,1. Thus fllOip . and hence the lemma, now follow again from the corresponding 
estimates for □ 

(ii) of Theorem 1461 follows from the convergence established in estimates (I94l) - (l96l) . 
which is uniform in (a, z) G [0, oo) x Di/%, and the following lemma. 

Lemma 50. Let |A| < /io- Then the function (a, z) i-> Vm,p,n,q[ w {^i z )} ^ s a continuous 
function on D1/2 x [0, 00) with respect to the \\ ■ \\2-n0rm. 

The proof uses essentially the same idea as the proof of Lemma 1371 

Proof. First observe that the kernel Vrn, P ,n,q is a multi-linear expression of integral kernels, 
thus to show c-continuity we will use fl5Hj) and flMl) . Moreover, we we will use the estimate 



■sup «1<(^ M ) 



|^(m,n)| 



r>0 



2 

op 



1/2 



< ky 



with 



sup 

r>0 



w m ,„(r, fc( m \ fcW) (1 + r + S[A;( m )]) m (l + r + 



1/2 



which follows from Lemma [56j Above estimates together with the estimates in Lemma 
|4"B1 and the limits (11041) and (11051) . shown next, yield c-continuity. From the explicit 
expression of w^ 1 ' it follows from dominated convergence that for m + n = 2 



, ^ \\ W ^n(\ ^0, Z ) ~ W$ n {\, a, z)\ 

{z,<j)-+{Z ,a ) 



0. 



(104) 
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and it follows that 



lim sup 

(z,<t)-»(«o,<to) r g[o,oo) 



t(D(\,a ,z )(r) tW(X,a,z)(r) 



0. 



(105) 
□ 



12 Proving the Main Theorem 

In this section, we prove Theorem HJ the main result of this paper. The basic idea behind 
the proof of Theorem HI is that the ground state and its energy are given as limits of 
uniformly convergent sequences having terms which are analytic in A and continuous in 
a, respectively. A similar idea was used in [12] to show the analyticity in the coupling 
constant of the ground state and ground state energy. The exposition in [12] is different 
due to the different representation of the spectral parameter. 

Proof of Theorem Rl Choose p, £, e such that Hypothesis (R) holds. By Theorem HB] 
we know that there exists a positive Ao which is less or equal than /io such that for all 
A G B Xo and a > we have w (0) (A,a) := w (0) (A,a, •) G B(e /2, e /2, e /2), and that the 
analyticity, continuity and symmetry property as stated in (i)-(iii) of Theorem |4"61 hold. 
By Theorem [42] and a twofold application of the Feshbach property, see Theorem [IU] it 
follows that E a (X) = e(o,oo)[w^(A, cr)] is an eigenvalue of H\ j(7 with nonzero eigenvector 
^ CT (A) = Q\,aQxl^(o,oo)[w (0) {X,a)} where 

Qx,a := Q x w (H x>a - E a (X), T + H f - E a (X)) 

Note that the first two Feshbach transformations do not involve any transformation of 
the spectral parameter. By Theorem [43] it follows that E a (X) and ip( 0jOO ){w(°\X, a)} are 
analytic in A G B\ for all cr > and continuous in cr G [0, oo) for all A G B\ Q . It follows 
using Theorem HH that (A, a) i-> Q\ )G is uniformly bounded on B\ x [0, oo), analytic 
in A, and continuous in a where the continuity follows from estimate (vi) in Lemma 
[571 Similarly it follows using Theorem H5] that (A, a) y Q\ i<7 is uniformly bounded on 
B\ a x [0, oo), analytic in A, and continuous in a Now it follows that ?/v(A) is analytic for 
A G B\ , continuous in a > 0. Thus we have shown (ii). Next we show that the expansion 
coefficients are bounded and continuous in a and use Cauchy's formula 

for some positive r which is less than Ao- Using Cauchys formula it follows that sup o . >0 \\ipa 
is bounded because of the uniform bound ||'0 <T (A) || < 4e 4 , see Theorem EE2| and the bound- 
edness of Q\ )Cr and Q^l- Moreover a ip^ is continuous, which follows from Cauchy's 
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formula and dominated convergence. Likewise it follows that sup (7>0 \E^\ is bounded, 
since by definition |i?o-(A)| < 1/2. Again using dominated convergence and Cauchy's 
formula we see that o \-± is continuous. By possibly choosing Ao smaller but still 
positive one can ensure that for all a > the projection 

<</v(A),Vv(A)) 

is well defined for |A| < Ao- To this end we need to show the uniformity in a. By choosing 
a phase and a suitable normalization we can assume that ^(A) = ^ + J2n=i ^°* n with 
radius of convergence greater or equal to Ao, where Q± is defined in ([7]). Since we have 
shown that can be estimated uniformly in o > 0, it follows that the denominator in 
( 11061) can be estimated from below by a positive constant uniformly in a > 0. In view of 
( I106p . it follows that A !->■ -P CT (A) is an analytic function on B\ and that P a (X)* = P CT (A). 
Thus we have shown (iii). The continuity of in a follows from 

& = W^, 0< r <A , 



2iri J IX]=T A»+i 

dominated convergence, and in view of (I106p the continuity of ip a {X) in o. To show (i) 
assume that A G B\ is real. Then w^(X,a) is a symmetric kernel, see Theorem |4"61 
It now follows from Theorem |4"21 that H^l(z) is bounded invertible if z G (— |, E a (X)). 
Applying the Feshbach property twice it follows that H\ — z is bounded invertible for 
z G (— |, E a (X)). For z < —1/2 the bounded invertibility of H a \ — z follows from the 
estimate || Xa x (j)(f a )(Hf + r + < 6| A|/ (8/2 ) < 1, see Lemma 1571 Thus E a (X) = 

inf a{H a ^\) for real A G B\ fl R. The uniqueness follows from Theorem [3j Finally 
observe that (— 1) N Hx :CT (~ 1) N — ^-a,ct where iV is the closed linear operator on T with 
N \ S n (i)® n ) = n. This implies that the ground state energy E a (X) cannot depend on 
odd powers of A. □ 



13 Analytic Perturbation Theory 

In this section we discuss analytic perturbation theory. We put the discussion in Section |2] 
about analytic perturbation theory on a sound mathematical footing and justify Equation 
(EI), by proving Theorem I5T1 below. Moreover, we elaborate on Remark [6] at the end of 
this section. 

Theorem 51. For a > 0, there is a Xq(<j) > such that for all X G B\ ( a ), the Hamilto- 
nian H\ a has a non-degenerate eigenvalue E a (X) with eig en-projection P a (X) such that 

(i) E a {X) = inf a{H Ka ) for X G B Xo(a) and E a (0) = 0. 

(ii) X i — y E a (X) and X i-> P a (X) are analytic functions on B\ ( a y 
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(Hi) P;(X) = P a (X) for all A G B Xo{a) . 

Moreover on Bx ( a ) we have a convergent power series expansion P a (X) = Y^=oP°^ n > 
where Pa is given by (E])- 

We will use the notation P± := 

Proof. Define the subspaces of f), 

f,(+) :=L 2 ({A;GM 3 ||A;| > a}) , := L 2 ({k G M 3 ||A;| < a}) 

and the associated Fock-spaces J r i- ± ' ) := J r (hi ± ' ) ), where we denote the vacua by We 
consider the natural unitary isomorphism 

which is uniquely characterized by 

U {S n {hi ®---®h n )® S m (gi ®---® g m )) = S n+m {h x ® ■ ■ ■ <g> h n ® g x ® ■ ■ ■ <g> g m ), 

for any h\,...,h n G f)^ and gi,...,g m G f)£ \ We denote the trivial extension of U to 
C 2 ® ^ +) ® J^~ } by the same symbol. We write 

U*H a (X)U = (H 0>a + AT«) ® 1 + 1 ® 1 ® iz£;\ 

where we introduced the following operators acting on the corresponding spaces 

# , CT := r <g> 1 + 1 <g> ifg 

T« := a x ® 0( Xct /), iZjJ := dT(x^), := dT((l - 

Now observe that if j ^ has only one eigenvalue. That eigenvalue is zero, it is at the bottom 

of the spectrum, it is non-degenerate and and its eigenvector is the vacuum oiA' ] . This 
implies that H a (X) and H cr + XTa + ^ have the same eigenvalues and the corresponding 
eigen-spaces are in bijective correspondence. Next observe that H a has at the bottom 
of its spectrum an isolated non-degenerate eigenvalue. In fact we have a(H 0tCT ) = {0} U 
[a, oo ) . Moreover, A ^ H a + XT a +) is an analytic family, since the interaction term is 
infinitesimally bounded with respect to H a . Now by analytic perturbation theory, it 
follows that there exists an e > such that for A in a neighborhood of zero the following 
operator is well defined 

P«(A) := / (ff&> + AT« - z)-Hz. (107) 

27TZ J\ z \ =€ 

Moreover, the operator pj (A) projects onto a one-dimensional space which is the eigen- 
space of Hq + J + XT^ with eigenvalue E a (X). Furthermore, Pj + ^(A) and E a (X) depend 
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analytically on A and -Eo-(O) = 0. We conclude that E a (\) is a non-degenerate eigenvalue 
of H\^ a with corresponding eigen-projection 

P a {\) = U{Pi + \\) ® P n (-))ET, (108) 

and properties (i)-(iii) of the theorem are satisfied, where P (±) denotes the orthogonal 
projection in onto Expanding in a Neumann series we find 



Pj +) (A) = f (T«(<»-z)f d, 

n=0 ./|z|-e 

Inserting the Laurent expansion of the resolvent about 0, 

oo 



y=0 

where 



-P 4 ® P n(+) , i/ = 



H$) (l-P;®P n ( +) ) ,i/>1, 
and calculating the contour integral we arrive at pj (A) = ^ =0 Pi A", with 

p(", + ) _ _ 5 l (^l, + )y( + ) > 5'(^2, + )___y( + ) > g'(^n+l, + ) > (109) 

z/i+...+i/ n +i=n, ^>0 



Now using identity ( II08j) . we find (jl noting that that C/(l<g)P (-))[/* = Q CT and U(S? 
P Q (-))U* = sP. □ 

Next we will elaborate on the statement of Remark [6j We calculate the first four 
coefficients of P(A) using (JHJ). We set b(f) = a(f a /yju) and b*(f) = a*(f a /yju). To keep 
the notation simple the integration symbol J stands in this section for Yli j\k \>cr anc ^ we 

drop the cx-subscript of Pa n \ So- , and T a . By divergent we mean an expression which 
diverges in the limit a 4- 0. We will write Pj, for a short hand notation of P^ <S> 1 and define 
P n := 1 ® We find 

p(o) = _ S (0) = p iPn 

Furthermore, we have 

p(i) = _ S Q.) TS (P) _ s^TS {1) = (2 + PT / )- 1 6*(/)P 4 P Q + P n P i b{f){2 + H f )-\ 

To determine higher order expressions, we note that terms of the form S^TS^ vanish. 
We find 

p(2) _ -S^TS {1) TS {1) - 5 {1) T5' (0) TS' (1) - S {0) TS (1) TS {1) - S^TS^TS^ 
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with 



d 3 k\f(k)f 



(4tt) 2 |A;|(|A;| + 2) 2 
S (i) TS W TS (°) = -if (/)(#/ + 2)- l b*(f)P i P n 
S (0) TS (i) TS (i) = -P^p n b(f)(H f + 2)- 1 b(f)Hj 1 
S^TS i0) TS {1) = -P t {H f + 2)- 1 b*(f)P n b(f)(H f + 2) _1 P t . 

One checks that all above terms are not divergent. Similarly, one finds that P^ does not 
contain any divergent terms. Next we consider the following terms occurring in P^ 

A := S^TS^TS^TS^TS^, B := S^TS^TS^TS^TS^ . 

Inserting the definition of T we find A = A\ + A 2 + A 3 with 

A, = -Hfb{f){H f + 2)- 1 b*(f)Hj 1 b*(f)(H f + 2)- 1 b*(f)P i P n 
A 2 = -Hfb*{f){H f + 2)~ 1 b{f)Hj l b\f){H f + 2)- l b\f)P i P n 
A 3 = -Hj l b*{f){H f + 2)- 1 b*(f)Hj l b*(f)(H f + 2)- l b*(f)P i P n . 

Above we used that the other contributions to A vanish, which can be seen by using the 
following identity which holds for k > 1, 

S (k) = H J k P£P l + (2 + H f )- k P^P t + 2- k P t P n , 

with P t := 1 — Pj_ and Pq :— 1 — Pq. Using the pull-through formula and the canonical 
commutation relations, we find using dk^ = d 3 kid 3 k 2 d 3 k 3 , 



Ai = - 



x 



dk^\f(h)\ 2 f(k 2 )f(k 3 ) 

i i i 

+ 



\k 2 \ + \h 



+ 



\h\ + \k 2 \ + \k 3 \ + 2 

1 1 



\k 2 \ + \k 3 \\k 3 \+2 1^1 + 1^11^1+2 1^1 + 1^11^1 + 2 



a^hy^PnPi. 



Note that only the first term in the brackets {• ■ • } yields a divergent expression. Similarly 
one finds 



A 2 = 



x 



dk^lfih^f^fih) 



(4tt) 4 |A; 1 ||A; 2 | 1 /2|A; 3 |i/2 [\ k 
1 1 



1 



+ 



\k 3 \+2 |fci|+2 



\h\\ 

a*(* 2 K(* 3 )P^. 



1 



N +2 



\h\ + |* 3 | 



One sees that A 2 is not divergent. Likewise one checks that A 3 is not divergent. For B 
we obtain 



B 



dk^\f(h)\ 2 f(k 2 )f(k 3 ) 
(4tt) 4 N|A; 2 |V2|A;3|i/2 



i 2 r 



\k 2 \ + |A; 3 



\k 2 \ +2 



1 



1*1 



a*(* 2 K(* 3 )PnA- 
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Now one sees that the divergence in B and the divergence in A cancel, which follows using 
the identity 

1 1 1 1 

+ 2 l/cxl + \k 2 \ + \k 3 \ + 2 ~ |fci| + 2 ^ 21 + 1 3|j 1^1 + \k 2 \ + \k 3 \ + 2' 

and the symmetry of the corresponding expressions with respect to k 2 and k 3 . 
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Appendix A: Elementary Estimates and the Pull-through 
Formula 

To give a precise meaning to expressions which occur in (I18p and (180 p . we introduce the 
following definition. For if) having finitely many particles we set 



[a(fci) • ■ ■ a(ki)ip) n (k t+1 , k l+n ) := d — — — -ipi +n (ki, ki +n ), (110) 

for k\, k\ +n e K 3 . Using a theorem of Fubini it is elementary to see that for such ip the 
vector valued map (k\, h) \-t a(ki) ■ ■ ■ a{ki)ip is an element of L 2 (M 3 '; J 7 ). We note that 
definition (IllOp is consistent with ([[]), since a straightforward computation shows that 

J fi(h) ■ ■ ■ fiiki) [a(h) ■ ■ ■ a(k)ip] n (k i+1 , k^c^h ■ ■ ■ d 3 ki 

We will make repeated use of the well known pull-through formula which is stated in 
the following lemma. 

Lemma 52. Let f : M + — > C be a bounded measurable function. Then 

f(H f )a*(k) = a*(k)f(H f + u(k)), a(k)f(H f ) = f(H f + u(k))a(k) . 

The pull through formula can be shown as follows. Using definition (IllOp . we have for 
any ip G J 7 with finitely many particles 

[f(H f + uj(k))a(k)^] n (ki, k n ) = f(uj(h) H h u(k n ) + u(k))^n + lijj n+1 (k, h, k n ) 

= [a(k)f(H f )ip] n (k h ...,k n ). 

This shows the second identity, since vectors with finitely many particles are dense in J 7 . 
The first identity follows by taking the adjoint of the second identity. 
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Remark 53. Note that for ip G "H r ed ; the statements of Lemma \5^\ and Corollary\5b^ also 
hold in the case X = B\. 

Lemma 54. Let X = R 3 and P£ = 1 - Then for n>l, 



dk (n) \k (n) \ 



x n 



Y[[H f + E[k^}]~ 1/2 a(k^ 



i=i 

dk {n) \k {n) 



X' 



n \<h)H] i/2 



i=i 



Proof. The first identity follows from the pull-through formula. The second identity 
follows from iteration of the following equality where <fi = P^ipi 



[ d 3 k\k\\\a(k)Hj 1/2 <f)\\ 2 = (HJ 1/2 <P,H f H f 
Jx 



V2, 



□ 



Corollary 55. Let X = R 3 . Then 



dk^ n) \k (n) \ \\a(k (n) )^\\ 2 < \\H n f /2 %l)f. 



x n 



Proof. 



dk {n) \k (n) \ \\a(k (n) )ij\ 



x n 



dk (n) \k^\ II (if/ + £ [/c (n) ] ) ~ n/2 a(k^)H 1 l /2 'i/j 



X n 



< / dfc (n) |fc (n) | 



X" 



f[[H f + Z[kV]]- 1/2 a(kW)HfiP 



i=i 



\H 



where in the first equality we used the pull-through formula. The second line follows 
from an elementary operator inequality using E[fcW] < Y\kS n \ if I < n. The last equality 
follows from Lemma |5ll D 



Lemma 56. For H m ^ n {-) as defined in (|80|) we have 
)\\ 2 

n,n 1 1| 



I H m n (w m nj II 



< 



< 



|^(m,n)|2 SU P 



|^(m,n)|2 



r>0 



sup 

r>0 
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Proof. The first inequality is obtained by estimating 

m,n \^m,n 

To this end one inserts identities of the form 1 = [H f + E[k®]] 1/2 [H f + £[JfeW]] 1/2 , 
the Cauchy-Schwarz inequality, and Lemma 
first since E[k {p) ] < E[fc (9) ], if p < q. 



uses 



The second inequality follows from the 

□ 



Now we collect some elementary estimates. 
Lemma 57. We have the estimates 

(i) ||a(/)^||<||//V^||||^ / Vll 

(ii) \\HJ 1/2 P£a*(f)\\ = \\a(f)HJ 1/2 P£\\ < \\f/^J\\ 

(iii) |K(/V|| 2 < ll/fll^f+IIZ/v^fll^Vll 2 

(iv) Hf)(H f + i)-v2|| = \\(H f + ly^im < \\f/y/u\\ 

(v) \\(H f + iy^a(f)\\ = K(/)(#/ + l)- 1/2 H < (ll//v^ll 2 



2\l/2 



/ 


+ 


1 1 4ttu) 1 1 


/ 


2 











ll/2 



(vi) \\(H f + ly^MW = U(f)(H f + i)- 1/2 n < 

Proof, (i) follows from Corollary [55] with n = 1 and the Cauchy-Schwarz inequality, (ii) 
follows from (i), (iii) follows from (i) and the canonical commutation relations of the 
creation and annihilation operators, (iv) follows from (ii), (v) follows from (iii), and (vi) 
follows from (iv) and (v). □ 



Appendix B: Wick's Theorem 

Let (<7i, (72, cr n } G {+,—}". For any subset Z C N n := {l,2,...,n}, n G N, we set 
Z± := {j G Z\o~j = ±}. We use the notation a + (k) = a*(k) and a~(k) = a(k). We define 
the Wick-ordered product : • : by 

: J] ::= \[ a^fo) ]J a" (A*) 

jaz jez+ jez- 

We introduce a notation for the vacuum expectation of an operator A on Fock space by 
setting 

(A) ■= (n\An). 

Lemma 58. (Wick's Theorem) For any (o~i,o~2, •••,o r „) G {+, — } n 

n e ( n « n (i>y)--i[« n '(i>-;)-- 

j£N n ZcN n \j&N n \Z I j&Z 
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See for example [fTj (Chapter 13, Eq. (106) and references therein). The next lemma 
is from [I]. 

Lemma 59. Let fj be measurable functions on R + . Then 

n 

nK j (%)/i(#/)} 

T,zc Nn rw + « + (%)( n;=i { [a^)p c(i) /,• (#/ + r + Wi ) })[ =h n jez «-(* 



i=i 



where we set 



u i = E 1^1 + E 



i=i 



i=i+l 



Proof. To prove the lemma it is convenient to extend fj to the real line by setting fj(r) = 
for any r < 0. That way we can use the pull-through formula backwards. This and Wick's 
theorem yield 



nK'(*i)/i(ff/)>= n«**(*i)ii/i(ff/+ e ^i**!) 



i=i 



i=j'+l 



= e ( n flff '(*i)) : rK^-) : n^^/+ e ^i^D 

£CiV n \jEN n \Z I j&Z j=l i=j+l 

Now using again the pull-through formula to bring the f/s to the desired position yields 
the claim, noting that 



UJ; 



E ai \ k *\ + E ^ ~ E 



jez- 



□ 



Proof of Theorem 27 For m + n > 1 we set 



W„ 



a*{z {m) )w{H h Z^)a{^ n) ) 



dZ (m,n) 
\Z(m,n)\l/2 ' 



Using Lemma [59] and the observation that there are 



mi +pi 
Pi 
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ways to choose pi elements out of a set containing mi + pi elements, we find 
F (// / )t?„ 1 , A ,,F 1 (7/ / )i? Ml , Nl • ■ ■ W Ul , Nl F l (H,) 

.? „, ( m ' P ! ^ ")(' l ' ^ H :")/<»*(*^ , )•■•«•(*^ , ) 



pi,...,p L ,mi,...,m L , 
q 1 ,...,q L ,n 1 ,...,n L : 
Pi+mi=Mi,qi+ni=Ni, 
Pl+qi+mi+ni>l 



• F L _ ± (H f + r + r L ^)W L (r + r L , K^ nL) )F L {H f + r + r L )Sl) \ r=Hf 



L | j^( m J>™j)|l/2 



where we have set W; = with 



= ^cd jf^ | X(pi , a )| 1/2 ^(^ (w) )% +m „ a+ n,(^ + r, xfa), A^, 3fo>, h { l) )a(x^)P Ted . 

With this notation we have used the permutation symmetry of w m>n and 

dz\ MlM) = dX^dK[ muni) . 

Summing over all (Mj,iVj), it is easy to read off the kernels of the resulting operator, 
H(w sym ). □ 
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